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Abstract 
The hydrocarbon plus fractions that comprise a significant portion of naturally 
occurring hydrocarbon fluids create major problems when determining the 
thermodynamic properties and the volumetric behavior of these fluids by equations of 
state. These problems arise due to the difficulty of properly characterizing the plus 
fractions (heavy ends). Proper characterization of the heavier components is important 
when cubic equations of state and/or solid formation thermodynamic models are used 
to describe complex phase behavior of reservoir fluids. The effect of heavy fractions 
characterization on thermodynamic modeling of wax precipitation has been 
investigated using different models including Won, Pan and Proposed Models. In order 
to characterize the plus fraction (heavier part) as a series of pseudocomponents, a 
probability model that expresses the mole fraction as a continuous function of the 
molecular weight has been used. The study has been conducted using several mixtures. 
Two different SCNs (Single Carbon Number), C7+ and C10+, were chosen. The chosen 
SCNs were distributed to multicomponents of five, six, and/or ten using continuous 
method. The results showed that the fractioning is required to be able to predict wax 
precipitation. Distribution of C10+ using a proper distribution function has shown 
improvement in predictions of WAT and the amount of wax deposited in comparison 
with the characterization of C7+ using semi-continuous approach. In predicting WAT 
and the amount of wax build up the developed model showed superiority over the 
others.  

Keywords: Plus Fraction,, Characterization, Modeling, Wax Precipitation, 
Pseudocomponent, Semi-continuous    

                                                          

  

Corresponding author: E-mail: tabatabaei@sut.ac.ir 

1. Introduction 
The majority of crude oil and gas condensate 
fluids contain a certain proportion of heavy 
hydrocarbon compounds, some of which may 
precipitate as a waxy solid phase if the fluid 
is cooled below a certain temperature. Waxes 
are essentially mixtures of long-chain 
paraffins with carbon lengths ranging from 
C15 to C75+. They are mainly formed from 

normal paraffins but isoparaffins and 
naphthenes are also present. Some waxes 
also have  an appreciable aromatic content 
[1-2]. 
Problems caused by wax precipitation, such 
as decreased production rates, increased 
power requirements, and failure of facilities 
are a major concern in the production and 
transportation of heavy hydrocarbon fluids. 
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shows how the composition in a discrete 
mixture is being represented by using mole 
fractions as composition variables. In this 
case, the mixture has been identified by 10 
components; the mole fraction xi for 
component i is given by a bar and the 
summation of all xi is shown in Fig.1-b. For a 
continuous mixture, Fig.1-c, there are no 
discrete identified components, but instead 
the mixture has been characterized using a 
single distribution variable I, such that the 
fraction of molecules (in the mixture) within 
the range I and I + I, is given by 

F I d IP

I

I I

( ) ( ) . The normalization is done by 

integrating over the whole range (Fig.1-d). 
To characterize the single carbon number 
(SCN) groups or pseudocomponents, the 
properties (physical and critical) of the heavy 
fractions are estimated depending on the 
availability of the data.  If molecular weights 
and specific gravities are available, then the 
Riazi s [20] correlation has been used.  If 
only molecular weight is available, then 
Whitson [13] general correlation has been 
used. 
In the following sections, a brief discussion 
on implementation of the continuous 
approach and its application into the EOS 
will be presented.      

Continuous Mixture

 

Distribution variable I

 

D(I) 

 

(d) 

Continuoue Mixture 

Diatribution Variable I

 

F(I) 

 (c) 

Discrete Mixture 

Component no. i

 

Xi 

(a) 

Discrete Mixture 

Component No. i

 

xi 
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Figure 1. Discrete and continuous description for a multicomponent mixtures.    
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c I c c I( ) 0 1 (12)  

a I I a T a T I( , ) ( ) ( )0 1 (13)  

where I is molecular weight. The temperature 
dependence of a T a T0 1( ) ( )and is given by  

a T a a T a T0 0
0

0
1

0
2 2( ) ( ) ( ) ( )

 

(14)  

a T a a T a T1 1
0

1
1

1
2 2( ) ( ) ( ) ( )

 

(15)  

where T is in Kelvin. Table 1 gives the 
constant for the above equations. 
At equilibrium, the equality of fugacity of 
each component in liquid and vapour phases 
for the discrete and the continuous parts are 
expressed as:  

f fi

L

i

V

 

(16)  

)()( IfIf VL

 

(17)  

The material balance equation required for 
the phase behaviour of the discrete is defined 
by,  

iii VyxVz )1( (18)  

where V is the vapour mole fraction. The 
modified Eq.(18) for the continuous fraction 
becomes,  

)()()1()( IFVIFVIF V
P

VL
P

LF
P

F

 

(19) 

where F L

P P
F (I),F (I),

 
and V

P
F (I)

 
are the 

distribution functions for the continuous 
fractions of feed, liquid and vapour 
respectively. The expression to determine the 
fugacity coefficients, when using the 
distribution function, would lead to a 
complex equation, which can only be solved 
numerically. Amongst the numerical methods 
applied successfully (Cotterman et al), the 
method of Gaussian quadrature has proved to 
be reliable and practical. 
Gaussian quadrature provides an efficient 
method of integrating a function by summing 
a finite number of weighted functions 
evaluated at specified values of the 
integration variable called quadrature points 
[25]. For s quadrature points,   

f I dI w I f IP p P p
p

s

I

( ) ( ) ( )
1 

(20)  

where w(Ip) is the weighting factor and fP(Ip) 
is the function value at the quadrature point, 
Ip. Details of describing quadrature integra-
tion can be found in texts on numerical 
methods [26-27]. A complete description of 
the quadrature method is explained in 
Appendix A. This approach has been 
implemented in this study to the liquid-solid 
(L-S) phase equilibria calculation, using 
molecular weight as the variable I.     

Table 1. Constants for EOS parameters (equations 11,12,14 and 15). 

Parameters a0,bar-cm6/mol2 a1,bar-cm6/mol2 b, cm3/mole c, cm3/mole 

0* 411.474 89.374 -0.343 - 380.74 

1* -52.178 -7.62 1.286 4.7818 

2* 1.574 0.276 - - 

* 0,1 and 2  represents subscript regarding b and c and superscript for a0 and a1. 
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was used to describe the heavy part of the 
mixture. When the continuous function was 
used to present the distribution of the 
heavy s, the Won model over predicted the 
WAT in all cases. Using the Pan s 
correlation, WAT was under predicted in all 
cases, while the developed model was able to 
predict the WAT for this mixture with a good 
accuracy. Even though the WAT was slightly 
over predicted when C10+ was presented with 
ten quadrature points, the over prediction 
was about 4 K. 
Regarding the prediction of the amount of 
wax, using the above fractioned scheme, the 
following tests were conducted: 

 

Comparing the amount of wax 
precipitated using single C7+ or C10+ 
for the heavy, by testing all three 
models. 

 

Comparing the amount of wax 
precipitated by different models using 
six and ten quadrature points to define 
C7+ for the heavy and using five and ten 
quadrature points to describe the C10+ 
fraction. 

Figures  3  to  5  show  the  prediction  of  the 

amount of wax precipitated using different 
models and different fractions for this 
mixture. Figs. 3-5 represent the comparison 
of the results obtained by using the C7+ as 
single component and as six and ten 
quadrature points. As can clearly be seen 
from these figures, by using a single C7+, the 
prediction of the amount of wax, especially 
when the temperature was lowered, were 
very poor using any of the three models. 
While using the continuous distribution, i.e. 
defining the C7+ as a continuous fraction, the 
prediction was very much improved. Figure 4 
represents a comparison of the results using 
the C10+ as a single component and as five 
and ten quadrature points, and again, 
describing the C10+ as several quadrature 
points, shows superiority to the use of single 
C10+. Overall, as expected, fractioning has 
improved the prediction of both WAT and 
the amount of the precipitation of the wax. 
Also, as these figures indicate, distribution of 
C10+ seems to give a better prediction of the 
amount of wax precipitated than the C7+ 
distributions.  Moreover, it appears that the 
10 points distribution does not improve the 
results considerably.  

Table 2. Comparison of the predicted WAT by different methods using different fractioning of 
C7+ (Measured WAT = 308 K). 

Model/ WAT(K) single C7+ 6-quadrature points 10-quadrature points 

Won 286 321 318 

Pan 288 304 300 

Proposed Model 293 312 309 

 

Table 3. Comparison of the predicted WAT by different methods using different fractioning of 
C10+ (Measured WAT = 308 K). 

Model/ WAT(K) single C10+ 5-quadrature points 10-quadrature points 

Won 299 321 323 

Pan 294 302 304 

Proposed Model 301 311 312 
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Again, the same as in mixture-1, and as can 
be seen from Tables 4 and 5, all  three 
models have under predicted the WAT when 
either single C7+ or C10+ was used. These 
under predictions are much more when C7+ 
was used as a single component, however, 
when C10+ was used, the prediction was 
much better. When the C7+ was used as 
continuous function, the Won model 
predicted the WAT fairly well, while only six 
quadrature points were used. However, when 
ten quadrature points were used the Won 
model over predicted the WAT by almost 30 
K. On the other hand, when C10+ was 
distributed to six and ten quadrature points, 
the Won model over predicted the WAT by 
about 10 and 15 K, respectively. Even after 
the fractioning, the Pan s model has under 
predicted the WAT in both cases. The 
developed model has been able to predict the 
WAT with a very good accuracy, especially 
when C10+ fractions (six or ten) were used. 
On the contrary, when continuous 
distribution was used the prediction was 
improved considerably. Prediction of the 
amount of wax seems to be better by using 
C10+ distributions than using C7+ 
distributions. Over all, fractioning has 
improved the prediction of the WAT and to 

some extent the amount of the precipitation 
of the wax, even though they generally over 
predicted the wax build up. Similar to the 
mixture # 1, the ten point distributions did 
not improve the results considerably for this 
mixture.  

Mixture # 3  
This mixture has been reported to be a 
volatile oil. The WAT were reported at three 
different pressures [29]. Based on the 
experience achieved through the previous 
mixtures, C10+ was chosen to be used as a 
single component and also distributed as six 
quadrature points. When C10+ was used as a 
single C10+, all three models have predicted 
the WAT at all pressures below the reported 
values. The developed model and the Pan 
model both predicted the WAT better than 
the Won s model, as shown in Table 6. When 
C10+ was distributed to six quadrature points, 
the developed model and the Pan model 
provided better overall predictions of the 
WAT, while the Won model has over 
predicted the WAT at all three pressure 
points by 20 to 30 K. As indicated 
previously, in order to achieve better results, 
characterization of the heavy fraction is 
necessary.   

Table 6. Comparison of the predicted WAT(in K) using C10+ and 6-quadrature point distributions 
(Mix # 3, volatile oil) 

P/Bar Exp. Won Pan Proposed Model 

  

C10+ C10* C10+ C10* C10+ C10* 

1 313 305 333 297 306 304 311 

50 309 300 332 282 306 298 309 

120 301 297 332 272 299 295 307 

C10* is the C10+ distributed to six-quadrature points.   
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