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YHORFLW\�� 1RQHWKHOHVV�� WKH� SDUWLFOHV� DUH� VWLOO�ZHOO�UHSUHVHQWHG�E\�D�FRQ�WLQXXP�PRGHO��7KH�SDUWLFOH�YHORFLW\�ILHOG�FDQ�EH�HYDOXDWHG�EDVHG�RQ� WKH� DVVXPSWLRQ� WKDW� SDUWLFOHV� UHDFK� WKHLU�HTXLOLEULXP� YHORFLW\� LQVWDQWDQHRXVO\�� 7KLV�DVVXPSWLRQ�LV�YDOLG�H[DFWO\�ZKHQ�SDUWLFOH�VL]H�UHGXFHV� WR� PROH�FXOH� VL]H�� DQG� FDQ� GHYLDWH�IURP�UHDO�VLWXDWLRQ�DV�WKH�VL]H�RI�SDUWLFOH�DQG�H[WHUQDO� IRUFH� LQFUHDVH�� )HUU\� DQG� %DODFK�DQGDU� >�@� FDOOHG� WKLV� DSSURDFK� IDVW� (XOHULDQ�PHWKRG�� EHFDXVH� SDUWLFOH� YHORFLWLHV� FDQ� EH�FDOFXODWHG� H[SOLFLWO\�� ,I� WKH� HTXLOLEULXP� DV�VXPSWLRQ� LV� QRW� YDOLG�� WKH� SDUWLFOH� PR�PHQWXP�EDODQFH�HTXDWLRQ VKRXOG�EH�VROYHG�WR�ILQG� WKH� SDUWLFOH� YHORFLW\� ILHOG�� 0D[H\� >�@�LQWURGXFHG� DQ� H[SDQVLRQ� RI� SDUWLFOH� PR�PHQWXP� HTXDWLRQ� LQ� WHUPV� RI� IOXLG� YHORFLW\�DQG� SDUWLFOH� WLPH�VFDOH�� ,W� FDQ� EH� XVHG� WR�H[SOLFLWO\�FDOFXODWH�SDUWLFOH�YHORFLW\�ILHOG��+H�XVHG� D� ILUVW� RUGHU� DSSUR[LPDWLRQ� RI� WKLV�H[SDQVLRQ�WR�VKRZ�WKH�DFFXPXODWLRQ�RI�GHQVH�SDUWLFOHV� LQ� UHJLRQ� RI� ORZ� YRUWLFLW\� DQG� KLJK�VWUDLQ�>�@��'UX]KLQLQ�>�@�XVHG�D�VHFRQG�RUGHU�DSSUR[LPDWLRQ�� )HUU\� DQG� %DODFKDQGDU� >�@�PRGLILHG� WKH� H[SDQVLRQ� WR� LQFOXGH� RWKHU�HIIHFWV�� VXFK� DV� DGGHG� PDVV�� %DVVHW� KLVWRU\�DQG� 6DIIPDQ� OLIW� IRUFHV�� )HUU\� DQG� %DODFK�DQGDU�>�@�GHYHORSHG�DQ�H[SDQVLRQ�IRU�SDUWLFOH�YHORFLW\� LQ� WHUPV� RI� WKH� IOXLG� YHORFLW\� ZLWK�GLPHQVLRQOHVV� SDUWLFOH� WLPH�VFDOH�� 7KH\� VKR�ZHG� WKH� UDSLG� FRQYHUJHQFH� REWDLQHG� E\� WKLV�PHWKRG� FRPSDUHG� WR� WKDW� REWDLQHG� E\� WKH�/DJUDQJLDQ�PHWKRG�WR�VKRZ�LWV�FDSDELOLW\�7KH�PDLQ� REMHFWLYHV� RI� WKLV� VWXG\� LV� WR� ILQG�WKH� FRQGLWLRQ� XQGHU� ZKLFK� HTXLOLEULXP�DVVXPS�WLRQ� LV� YDOLG� DQG� WR� GHYHORS� D� QHZ�IDVW� (XOHULDQ� PHWKRG� ZKLFK� FDQ� EH� XVHG� WR�HYDOXDWH� SDUWLFOH� YHORFLWLHV� H[SOLFLWO\�� 8VLQJ�WKH� IDVW� (XOHULDQ� PHWKRG� HOLPLQDWHV� VROYLQJ�SDUWLFOH�PRPHQWXP� EDODQFH� HTXDWLRQ��ZKLFK�FDQ� EH� WLPH�FRQVXPLQJ� IRU� WKH� QXPHULFDO�VLPXODWLRQ�RI�GXVW�FROOHFWRU�SHUIRUPDQFH�,Q� RUGHU� WR� VKRZ� WKH� DSSOLFDELOLW\� RI� WKLV�PHWKRG�� QXPHULFDO� VLPXODWLRQ� RI� D� GRXEOH�VWDJH� HOHFWURVWDWLF� SUHFLSLWDWRU� ZDV� SHUIRU�PHG�� 7KH� UHVXOWV� ZHUH� FRPSDUHG� E\� WKRVH�REWDLQHG� E\� VROYLQJ� WKH� SDUWLFOH� PRPHQWXP�

HTXDWLRQ�
7KHRUHWLFDO�DSSURDFK*HQHUDOO\�� LQ� WKH� (XOHULDQ� DSSURDFK�� WKH�SDUWLFOH�YHORFLW\�ILHOG�FDQ�EH�FDOFXODWHG�XVLQJ�WKH� IROORZLQJ�YHFWRU� HTXDWLRQ�H[SUHVVLQJ� WKH�SDUWLFOH� PRPHQWXP� EDODQFH� ZLWK� QHJOHFWLQJ�GLIIXVLRQ�WHUPV�>�@�
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���
,Q� WKH�DERYH�HTXDWLRQ��8��8S�DQG�I�DUH� IOXLG�YHORFLW\� YHFWRU�� SDUWLFOH� YHORFLW\� YHFWRU� DQG�H[WHUQDO�IRUFH�YHFWRU�UHVSHFWLYHO\�([WHUQDO�IRUFHV�DFFHOHUDWH�SDUWLFOHV�XQWLO�WKHLU�YHORFLWLHV� UHDFK� WR� VHWWOLQJ� RU� HTXLOLEULXP�YHORFLWLHV�� %HFDXVH� DW� HTXLOLEULXP��GWGX3  �� WKH� HTXLOLEULXP� YHORFLW\� FDQ� EH�FDOFXODWHG� IURP� WKH� WKH� IROORZLQJ� HTXDWLRQ�H[SUHVVLQJ� WKH� /DJUDQJLDQ� PRPHQWXP�EDODQFH�HTXDWLRQ�DW�WKH�VWHDG\�VWDWH�

�PI�88�88P '�&�� 33V3V3
�3'I  ���SU

���
8VLQJ� 6WRNHV� ODZ� IRU� WKH� GUDJ� FRHIILFLHQW�� S'I 5H��&  ���HTXLOLEULXP�YHORFLW\�FDQ�EH�
FDOFXODWHG�E\�WKH�IROORZLQJ�HTXDWLRQ�

PS� 33V '� I88 ���
)RU� D� 5H\QROGV� QXPEHU� JUHDWHU� WKDQ� �����6WRNHV� ODZ� FDQQRW� EH� YDOLG�� 7KH� UHODWLRQV�GHYHOSHG� E\� &OLII� DQG� *DXYLQ� >�@� IRU� WKH�SDUWLFOH� GUDJ� FRHIILFLHQW� ZDV� XVHG� LQ� WKLV�
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ZRUN��7KLV�UHODWLRQ�LV�DV�IROORZV�

���
7KH� DERYH� HTXDWLRQ� KDV� EHHQ� XVHG� DOVR� E\�6XK�DQG�.LP�>�@�WR�VLPXODWH�WKH�SHUIRUPDQFH�RI�HOHFWURVWDWLF�SUHFLSLWDWRUV��8VLQJ� WKLV� UHOD�WLRQ� WKH� IROORZLQJ� HTXDWLRQ� IRU� SDUWLFOH�HTXLOLEULXP�YHORFLW\�ZDV�REWDLQHG�

PS� 33V '� JI88 ���
7KH�YDOXH�RI�J� LQ� WKH�DERYH�HTXDWLRQ FDQ�EH�IRXQG�E\�WKH�IROORZLQJ�UHODWLRQ�

���
7KH�SDUWLFOH�5H\QROGV�QXPEHU�LV�JLYHQ�E\�WKH�IROORZLQJ�HTXDWLRQ�

P�U SSS '885H ���
,QWURGXFLQJ� GLPHQVLRQOHVV� YDULDEOHV�

�33 X88  �� � X88  �� /[[  ��
/\\  �� � III  DQG�XVLQJ�(TXDWLRQ���IRU�WKH� GUDJ� FRHIILFLHQW�� &'I�� LQWR� (TXDWLRQ� ��\LHOGV�

333 I6WN)�88�6WNJ88 �� �� ���
:KHUH� 6WN� LV� WKH� 6WRNHV� QXPEHU� ZKLFK�UHSUHVHQWV� WKH� UDWLR� RI� LQHUWLD� WR� GUDJ� IRUFH�� /�� 'X& �3�&3 PU ��� DQG� ) LV� D� GLPHQVLRQOHVV�QXPEHU� UHSUHVHQWLQJ� WKH� UDWLR� RI� H[HUWHG�IRUFH�WR�GUDJ�IRUFH��H[HUWHG�IRUFH�LV�JDYLW\�IRU�VHWWOLQJ� FKDPEHUV�� FHQWULIXJDO� IRUFH� IRU� F\�FORQHV�DQG�HOHFWURVWDWLF�IRUFH�IRU�HOHFWURVWDWLF�SUHFLSLWDWRUV���,Q�HOHFWURVWDWLF�SUHFLSLWDWRUV�)LV� HOHFWURVWDWLF� QXPEHU�� (V� � 3�

��& 'X� (T&SP ���ZKLFK�KDV�EHHQ�LQWURGXFHG�E\�.LKP�HW��DO�>�@�7KH� DERYH� HTXDWLRQ� VKRZV� WKDW� IRU� ORZ�6WN��HTXLOLEULXP� DVVXPSWLRQ� FDQ� EH� YDOLG� DQG�SDUWLFOH� YHORFLW\� FDQ� EH� FDOFXODWHG� E\� (TX�DWLRQ���H[SOLFLWO\��+RZHYHU��IRU�KLJKHU�YDOXHV�RI� 6WN�� (TXDWLRQ� �� VKRXOG� EH� VROYHG� WR� ILQG�SDUWLFOH�YHORFLW\�DFFXUDWHO\�
'HYHORSPHQW�RI�H[SOLFLW�(XOHULDQ�PHWKRG6XEWUDFWLQJ� (TXDWLRQ� �� IURP� (TXDWLRQ� ��XVLQJ� 6WRNHV� ODZ� IRU� WKH� GUDJ� FRHIILFLHQW�\LHOGV� WKH� QHZ� IRUP� RI� WKH� PRPHQWXP�HTXDWLRQ�� 7KLV� HTXDWLRQ� LQ� GLPHQVLRQOHVV�IRUP�LV�DV�IROORZV�

333V3 886WN88 ��� ���
3DUWLFOH� YHORFLW\� FDQ� EH� FDOFXODWHG� EDVHG� RQ�HTXLOLEULXP�YHORFLW\�DV�IROORZV�

3V3 Z88 � ����ZKHUH�Z�LV�FDOOHG�WKH�UHVLGXDO�YHORFLW\�YHFWRU��ZKLFK� LV� WKH�GLIIHUHQFH�EHWZHHQ� UHDO�SDUWLFOH�YHORFLW\�DQG�HTXLOLEULXP�YHORFLW\��%\� FRPELQLQJ� (TXDWLRQV� �� DQG� ��� WKH� IRO�ORZLQJ�HTXDWLRQ�ZDV�REWDLQHG�
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����
7KH� ILUVW� RUGHU� DSSUR[LPDWLRQ� RI� WKH� DERYH�HTXDWLRQ� FDQ� EH� REWDLQHG� E\� HOLPLQDWLQJ� WKH�WKUHH� ODVW� WHUPV� VKRZQ� LQ� SDUDQWKHVLV�� 7KH�VHFRQG� DSSUR[LPDWLRQ� FDQ� EH� REWDLQHG� E\�UHSODFLQJ� WKH� HTXDWLRQ� REWDLQHG� E\� WKH� ILUVW�RUGHU� DSSUR[LPDWLRQ� LQWR� (TXDWLRQ� ��� +RZ�HYHU�� WKHVH� DSSUR[LPDWLRQV� FDQQRW� EH� XVHG�IRU� WKH� DFFXUDWH� SUHGLFWLRQ� RI� WKH� YHORFLW\�ILHOG��
1HZ� H[SOLFLW� (XOHULDQ� PHWKRG� GHYHORSHG�IRU�KLJK�6WRNHV�QXPEHU,Q� RUGHU� WR� PRGLIL\� WKLV� DSSUR[LPDWLRQ� WKH�IROORZLQJ�UHODWLRQ�ZDV�LQWURGXFHG�� �3V3V3V3 886WNJF88 ��� ����
ZKHUH�F�LV�D�IXQFWLRQ�RI�6WRNHV�QXPEHU��7KLV�IXQFWLRQ� ZDV� REWDLQHG�� WHQWDWLYHO\�� E\� PLQL�PL]LQJ� WKH� URRW� PHDQ� VTXDUH� HUURU� RI� WKH�

SDUWLFOH� YHORFLW\� ILHOG� IRU� WKH� FDVH� RI� D�GRXEOH�VWDJH�HOHFWURVWDWLF�SUHFLSLWDWRU�
�
SD

�
SD XX����XX6WN�����F �� ����

ZKHUH� XSD FDQ� EH� REWDLQHG� E\� WKH� IROORZLQJ�HTXDWLRQ�
���6WN����XSD �� ����

7KH�YDOXH�RI�J�LQ�(TXDWLRQ����FDQ�EH�DWWDLQHG�E\� XVLQJ� (TXDWLRQ� �� DQG� EDVHG� RQ� WKH�IROORZLQJ�GHILQLWLRQ�IRU�5HS�
Q� 33D3 '8X5H ����

%DVLF� HTXDWLRQV� IRU� QXPHULFDO� VLPXODWLRQ�RI�D�GRXEOH�VWDJH�(637KH� WZR�FRPSRQHQWV�RI�YHFWRU�HTXDWLRQ���LQ�WZR�GLPHQVLRQDO� IRUP�� DQG� E\� FRQVLGHULQJ�GLIIXVLRQ� WHUPV�� FDQ� EH� H[SUHVVHG� E\� WKH�IROORZLQJ�HTXDWLRQV�
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ZKHUH�XS�DQG�YS�DUH�WKH�[�FRPSRQHQW�DQG�\�FRPSRQHQW� RI� WKH� SDUWLFOH� YHORFLW\� YHFWRU��8S��DQG�X�DQG�Y�DUH�WKH�[�FRPSRQHQW�DQG�\�FRPSRQHQW�RI�IOXLG�YHORFLW\�YHFWRU��8�,Q� RUGHU� WR� PDNH� WKH� UHVXOWV� RI� WKH� DERYH�HTXDWLRQV� LQGHSHQGHQW� RI� SDUWLFOH� FRQFHQWUD�

WLRQ�� &S�� WKH� WXUEXOHQW� GLIIXVLRQ� WHUP� RI� WKH�DERYH� HTXDWLRQV� FDQ� EH� QHJOHFWHG� ZLWK�UHVSHFW�WR�WKH�FRQYHFWLYH�WHUP��1HJOHFWLQJ�WKH�GLIIXVLRQ� WHUPV� LQ� WKH� WZR� DERYH� HTXDWLRQV��\LHOGV�

S S[SSSSS SI'I
SSSSSSSSSS

P &(4�XX�88' &&��
\XY[XX&\ �Y&�[ �X&�X

���UU
 ¸̧¹·¨̈©§ ww�ww�¸̧¹·¨̈©§ ww�ww

����

S S\SSSSS SI'I
SSSSSSSSSS

P &(4�YY�88' &&��
\YY[YX&\ �Y&�[ �X&�Y

���UU
 ¸̧¹·¨̈©§ ww�ww�¸̧¹·¨̈©§ ww�ww

����

7KH� ILUVW� SDUHQWKHVLV� LQ� WKH� WZR� DERYH�HTXDWLRQV� DUH� HTXDO� WR� ]HUR� DFFRUGLQJ� WR� WKH�SDUWLFOH� FRQWLQXLW\� HTXDWLRQ�� %\� HOLPLQDWLQJ�WKH� ILUVW� WHUPV� RI� WKH� DERYH� HTXDWLRQV� DQG�
RPLWWLQJ� &S� IURP� ERWK� VLGHV� RI� WKHVH� WZR�HTXDWLRQV��WKH\�FDQ�EH�H[SUHVVHG�LQ�D�JHQHUDO�YHFWRU�IRUP�DV�IROORZV�

SSSSSS I'ISS P(4�88�88'&��8�8 ���UU � ����
,Q� WKH� DERYH� HTXDWLRQ� 8S� DQG� (� DUH� WKH�SDUWLFOH� YHORFLW\� YHFWRU� DQG� HOHFWULFDO� ILHOG�VWUHQJWK�YHFWRU�UHVSHFWLYHO\�)RU� FRPSOHWH� VLPXODWLRQ� RQH� QHHGV� HOHFWULF�ILHOG� VWUHQJWK� GLVWULEXWLRQ�� JDV� YHORFLW\� GLV�WULEXWLRQ�� SDUWLFOH� FKDUJH� DQG� QXPEHU� FRQ�FHQWUDWLRQ� RI� SDUWLFOHV�� ,Q� WKH� IROORZLQJ�VHFWLRQ�� WKH� EDVLF� JRYHUQLQJ� HTXDWLRQV� IRU�

FRPSXWLQJ� WKH� DERYH� SDUDPHWHUV� DUH� LQWUR�GXFHG�7KH� SDUWLFOH� FRQWLQXLW\� HTXDWLRQ� ZDV�PRGLILHG� E\� LQWURGXFLQJ� WKH� QXPEHU�IUHTXHQF\� GLVWULEX�WLRQ�RI�SDUWLFOH� VL]H��$V� D�UHVXOW� RI� WKLV� PRGLILFDWLRQ�� WKH� IROORZLQJ�HTXDWLRQ� IRU� SRO\�GLVSHUVH� SDUWLFOHV� ZDV�REWDLQHG >�@�
� � � �
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:KHUH� &3�'3�� LV� WKH� QXPEHU� IUHTXHQF\�GLVWULEXWLRQ�RI�WKH�SDUWLFOH�VL]H��&3�'3�G'3 LV�WKH�QXPEHU�FRQFHQWUDWLRQ�RI�SDUWLFOHV�KDYLQJ�GLDPHWHUV� EHWZHHQ� '3 DQG� �'3�G'3�� DQG�&3��'3�� LV� WKH�QXPEHU�IUHTXHQF\�GLVWULEXWLRQ�RI� SDUWLFOH� VL]H� DW� WKH� HQWUDQFH� DQG� PD\� EH�FRQVLGHUHG� DV� D� ORJ�QRUPDO� GLVWULEXWLRQ�ZKLFK� FDQ� EH� REWDLQHG� E\� WKH� IROORZLQJ�UHODWLRQ�
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,W� VKRXOG� EH� PHQWLRQHG� WKDW� RWKHU� VL]H�GLVWULEXWLRQ�UHODWLRQV�RU�HYHQ�D�QXPHULFDO�VL]H�GLVWULEXWLRQ�FDQ�EH�XVHG�IRU�&3��'3��LI�QHFHV�VDU\�� 0RUH� GHWDLOV� DERXW� WKH� SDUDPHWHUV� 6*DQG�6& FDQ�EH�IRXQG�LQ�UHIHUHQFH�>�@�7KH� IROORZLQJ� VHFWLRQ� ZLOO� H[SODLQ� PHWKRGV�XVHG� WR� HYDOXDWH� YDULRXV� SDUDPHWHUV� XVHG� LQ(TXDWLRQV����DQG����

7KH� IROORZLQJ� HTXDWLRQ� SURSRVHG� E\� 7HQ�QHNHV�DQG�/XPO\�>��@�ZDV�XVHG�WR�SUHGLFW�WKH�JDV�GLIIXVLRQ�FRHIILFLHQW��(S�
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ZKHUH�&�LV�D�FRQVWDQW��X
�LV�PHDQ�IOXFWXDWLRQ�YHORFLW\�DQG�O�LV�FKDUDFWHULVWLF�OHQJWK�DQG�XVX�DOO\�GHILQHG�LQ�WHUPV�RI�H��DV�IROORZV�>��@�
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7KH� SDUDPHWHUV� XVHG� LQ� D� QRUPDO� N�H PRGHO�DUH�DV�IROORZV�
VN VH &P &' &� &���� ��� ���� ��� ���� ����
7KH�JRYHUQLQJ�HTXDWLRQ� IRU� WKH�HOHFWULF� ILHOG�LQ� (63� LV� WKH� 0D[ZHOO� HTXDWLRQ�� ZKLFK� LV�QRUPDOO\�H[SUHVVHG�LQ�WHUPV�RI�YROWDJH�
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ZKHUH� 43�'3�� LV� WKH� HOHFWULF� FKDUJH� RI�SDUWLFOHV� KDYLQJ� D� GLDPHWHU� EHWZHHQ�'3 DQG�'3�� G'3�� ZKLFK� LV� FRQVWDQW� GXULQJ WKH�SUHFLSLWDWLRQ� SURFHVV� IRU� GRXEOH�VWDJH� (63�7KH� HOHFWULF� ILHOG� ZDV� IRXQG� IURP� WKH�IROORZLQJ�HTXDWLRQ�
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,Q� VLQJOH�VWDJH� (63V�� WKH� FKDUJLQJ� DQG�FROOHFWLQJ� RI� SDUWLFOHV� WDNH� SODFH� VLPXOWDQ�HRXVO\�� VR� LQ� RUGHU� WR� SUHGLFW� (63¶V SHUIRU�PDQFH�RQH�QHHGV� WKH�FXUUHQW�YROWDJH�FKDUDF�WHULVWLFV��,Q�GRXEOH�VWDJH�(63V�SROOXWHG�JDV�LV�SDVVHG� WKURXJK� D� KLJK�YROWDJH� ZLUH�SODWH�FKDQQHO�IRU�SDUWLFOHV�FKDUJLQJ�EHIRUH�HQWHULQJ�WKH� FROOHFWLRQ� VHFWLRQ�� :KHQ� WKH� SDUWLFOH�FRQFHQWUDWLRQ�RI�SROOXWHG�JDV�LV�ORZ��SDUWLFOHV�ZLOO�EH�FKDUJHG�WR�VDWXUDWLRQ��,Q�WKLV�VWXG\��LQ�RUGHU�WR�ILQG�43�'3���LW�ZDV�DVVXPHG�WKDW�WKH�SDUWLFOHV� UHDFKHG� WKHLU� VDWXUDWLRQ� FKDUJH�GXULQJ�WKH�FKDUJLQJ�SURFHVV��7KXV�WKH�SDUWLFOH�FKDUJH�� 43�'3��� ZDV� REWDLQHG� E\� WKH� IRO�ORZLQJ� HTXDWLRQ� JLYHQ� E\� >��@� IRU� WKH�VDWXUDWLRQ� FKDUJH� RI� D� SDUWLFOH� ZLWK� WKH�GLDPHWHU�'3�
FKJ�3�3
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:KHUH�(FKJ LV�WKH�PHDQ�HOHFWULF�ILHOG�VWUHQJWK�DW�WKH�SDUWLFOH�FKDUJLQJ�VHFWLRQ�
5HVXOWV,Q�RUGHU� WR� H[DPLQH� WKH� UHVXOWV��RSHUDWLRQ�RI�WKH� IROORZLQJ�(63�ZDV� FRQVLGHUHG�DV� D� FDVH�VWXG\�
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7KH� GXFW� LV� ��� FP� ORQJ� DQG� �� FP� ZLGH�� D�EORFN�LV�VHW�DW���FP�RI�HQWUDQFH��7KH�EORFN�LV��� FP� KLJK� DQG� �� FP� ZLGH�� )RU� SROOXWHG� DLU�IORZLQJ� WKURXJK� WKH� GXFW�� D� WHPSHUDWXUH� RI�����.��SUHVVXUH�RI���DWP��NLQHPDWLF�YLVFRVLW\�RI� ����î���� NJ�P�V� DQG� DLU� GHQVLW\� RI� �����NJ�P��DQG�IRU�SDUWLFOHV��UHODWLYH�SHUPLWLYLW\�RI�03 ���� DQG� GHQVLW\� RI� ����� NJ�P� ZHUH�FRQVLGHUHG�� 7KH� SHUPLWLYLW\� RI� IUHH� VSDFH� LV�0� �����î����� )�P�� 7KH� PDJQLWXGH� RI� WKH�PHDQ� HOHFWULF� ILHOG� VWUHQJWK� DW� WKH� FKDUJLQJ�

FHOO� LV� ���î��� 9�P� DQG� LQOHW� PHDQ� IOXLG�YHORFLW\�LV���P�V��7KH�JULG�PHVK�XVHG�IRU�WKH�QXPHULFDO� VROXWLRQ� RI� IOXLG� IORZ� DQG� WKH�HOHFWULFDO� ILHOG� VWUHQJWK�HTXDWLRQ� LV�VKRZQ�LQ�)LJXUH� ��� 7KH� FRQWURO� YROXPHV� IRUP� DQ����î���RUWKRJRQDO� JULG�� )LJXUH� �� VKRZV� WKH�FRQWRXU� SORW� RI� IOXLG� VWUHDP� OLQHV� IRU� WKH�VSHFLILHG�XVHG�FRQILJXUDWLRQ��)LJXUH���VKRZVWKH� FRQWRXU� SORW� RI� HOHFWULF� SRWHQWLDO� IRU� WKH�VDPH�FRQILJXUDWLRQ�
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)LJXUH����&RQWRXU�SORW�RI�HOHFWULF�SRWHQWLDO��DSSOLHG�YROWDJH �����Y

%\� QRZ� WKH� YHORFLWLHV� FDOFXODWHG� EDVHG� RQ�VROYLQJ� WKH� SDUWLFOH� PRPHQWXP� HTXDWLRQ� LV�FDOOHG�WKH�H[DFW�VROXWLRQ� DQG�WKH�HUURU RI�WKH�YHORFLW\� ILHOG� PHDQV� WKH� PHDQ� GLIIHUHQFH� RI�WKH�YHORFLWLHV�FDOFXODWHG�E\�XVLQJ�DQ\�NLQG�RI�H[SOLFLW�(XOHULDQ�PHWKRG�ZLWK� WKRVH�RI� D� VR�FDOOHG� H[DFW� VROXWLRQ�� )LJXUHV� �� WKURXJK� ��FRPSDUH�WKH�SDUWLFOH�YHORFLW\�ILHOG�FDOFXODWHG�EDVHG� RQ� WKH� HTXLOLEULXP�DVVXPSWLRQ� �(TXD�WLRQ� ��� ZLWK� WKH� RQH� REWDLQHG� E\� WKH� H[DFW�VROXWLRQ�DW�GLIIHUHQW�6WN�DQG�(V��7KHVH�ILJXUHV�VKRZ� WKDW� IRU� KLJKHU� 6WN�� WKH� HUURU� ZLOO� EH�PRUH�VLJQLILFDQW��%\�LQYHVWLJDWLQJ�WKH�UHVXOWV�VKRZQ�LQ�WKHVH�ILJXUHV��LW�ZDV�FRQFOXGHG�WKDW�IRU�6WN�OHVV�WKDQ��������WKH�UHODWLYH�URRW�PHDQ�VTXDUH� HUURU� LV� OHVV� WKDQ���SHUFHQW�� ,W� FDQ�EH�LQWHUSUHWHG� VR� WKDW� WKH� HTXDLOLEULXP� DVVXPS�WLRQ� FDQQRW� EH� YDOLG� IRU� 6WN� JUHDWHU� WKDQ�������� )RU� KLJK� YDOXHV� RI� 6WN� WKH� H[SOLFLW�(XOHULDQ� PHWKRG� EDVHG� RQ� WKH� HTXLOLEULXP�DVVXPSWLRQ�VKRXOG�QRW�EH�XVHG�LI�RQH�H[SHFWV�D� UHDVRQDEOH�FDOFXODWLRQ�HUURU��$V�PHQWLRQHG�DERYH�� WKH� SUHVHQW� H[SOLFLW� (XOHULDQ� PHWKRG�ZDV� RSWLPL]HG� WR� PLQLPL]H� WKH� FDOFXODWLRQ�HUURU� RI� WKH� SDUWLFOH� YHORFLW\� ILHOG�� $V�H[SHFWHG�� SDUWLFOH� UHPRYDO� HIILFLHQFLHV� SUH�GLFWWHG�E\�XVLQJ�WKH�SUHVHQW�PHWKRG�DUH�PRUH�DFFXUDWH� WKDQ� WKRVH� SUHGLFWHG� E\� XVLQJ� WKH�

HTXLOLEULXP�DVVXPSWLRQ��)LJXUHV���WKURXJK����VKRZ� WKH� FDSDELOLW\� RI� WKH� SUHVHQW� DSSURDFK�WR� FDOFXODWH� SDUWLFOH� UHPRYDO� HIILFLHQFLHV�DFFXUDWHO\��$V�FDQ�EH�VHHQ��WKH�UHVXOWV�KDYH�D�PXFK� EHWWHU� DJUHHPHQW� ZLWK� WKH� H[DFW�VROXWLRQ�� )LJXUHV� ��� WKURXJK� ��� VKRZ� WKH�YDULDWLRQ� RI� HUURU� ZLWK� 6WN� IRU� GLIIHUHQW� (V��$SSDUHQWO\�� XVLQJ� WKH� SUHVHQW� PHWKRG� SUR�GXFHV� OHVV� WKDQ� WKH� PD[LPXP� ���� HUURU�FRPSDUHG� WR� WKH� PD[LPXP� ����� HUURU�SURGXFHG� E\� XVLQJ� WKH� HTXOLEULXP� DV�VXPSWLRQ��
&RQFOXVLRQ7KH� SDUWLFOH� YHORFLW\� ILHOG� FDOFXODWLRQ� IRU�SDUWLFOH±ODGHQ� IORZ� WKURXJK� GXVW� FROOHFWRU�HTXLSPHQW� ZDV� LQYHVWLJDWHG� WR� ILQG� WKH�FRQGLWLRQ� RI� WKH� YDOLGLW\� RI� WKH� HTXOLEULXP�DVVXPSWLRQ�� 7KH� UHVXOWV� DUH� EDVHG� RQ� WKH�VLPXODWLRQ� RI� SDUWLFOH� UHPRYDO� LQ� GRXEOH�VWDJH� HOHFWURVWDWLF� SUHFLSLWDWRUV�� ,Q� H[DFW�VROXWLRQ�� WKH� SDUWLFOH� PRPHWXP� HTXDWLRQ�VKRXOG� EH� VROYHG� LQ� RUGHU� WR� ILQG� SDUWLFOH�YHORFLWLHV�� 7KH� GLPHQVLRQOHVV� IRUP� RI� WKLV�HTXDWLRQ�LV�WKH�VDPH�DV�WKDW�IRU�DQ\�RWKHU�GXVW�FROOHFWRU��7KXV�WKH�UHVXOWV�FDQ�EH�YDOLG�IRU�DOO�SDUWLFOH� FROOHFWRUV�� %\ LQVSHFWLQJ� WKH� UHVXOWV�RI� VLPXODWLRQ� LW� ZDV� FRQFOXGHG� WKDW� IRU� 6WN�
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KLJKHU� WKDQ� ������� WKH� UHODWLYH� URRW� PHDQ�VTXDUH� HUURU� RI� SDUWLFOH� YHORFLW\� ILHOG� LV�JUHDWHU�WKDQ���SHUFHQW��8VLQJ�WKH�HTXLOLEULXP�DVVXPSWLRQ�ZLOO�EH�YDOLG�IRU�FDVHV�KDYLQJ�6WN�XS� WR� ������� )RU� 6WN� JUHDWHU� WKDQ� ������� WKH�WLPH�FRQVXPLQJ� VROXWLRQ� RI� WKH� SDUWLFOH�PRPHQWXP� HTXDWLRQ� VKRXOG� EH� PDGH�� ,Q�

RUGHU� WR� DYRLG� VROYLQJ� WKLV� HTXDWLRQ�� D� QHZ�H[SOLFLW (XOHULDQ� PHWKRG� ZDV� GHYHORSHG��7KLV�PHWKRG� FDOFX�ODWHV� WKH�SDUWLFOH� YHORFLW\�ILHOG� H[SOLFLWO\� IRU� 6WN� JUHDWHU� WKDQ� ������ZLWK�UHDVRQDEOH�SUHFLVLRQ��8VLQJ�WKLV�PHWKRG�UHGXFHV� WKH� IDLUO\� ORQJ� FRPSXWDWLRQ� WLPH� RI�WKH�VLPXODWLRQ�RI�GXVW�FROOHFWRU�SHUIRUPDQFH�
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1RPHQFODWXUH&& &RQLQJKXP� FRHIILFLHQW��'LPHQVLRQOHVV�&'I 'UDJ� FRHIILFLHQW������������'LPHQVLRQOHVV�&3 1XPEHU�FRQFHQWUDWLRQ�RI�SDUWLFOHV�ZLWK�GLDPHWHU�'3 �1R��P��&3�'3�1XPEHU�IUHTXHQF\�GLVWULEXWLRQ�RI�SDU�WLFOH�VL]H �1R��P��&3��'3� 1XPEHU� IUHTXHQF\� GLVWULEXWLRQ� RI�SDUWLFOH�VL]H�DW�HQWUDQFH �1R��P��'3 3DUWLFOH�GLDPHWHU �P�( (OHFWULF�ILHOG�VWUHQJWK�YHFWRU �9�P�(� �n�/�([ [�FRPSRQHQW�HOHFWULF�ILHOG�VWUHQJWK�9�P�(\ \�FRPSRQHQW�HOHFWULF�ILHOG�VWUHQJWK�9�P�(FKJ (OHFWULF� ILHOG� VWUHQJWK�DW�SDUWLFOH�FKDU�JLQJ�VHFWLRQ �9�P�(S 3DUWLFOH�GLIIXVLYLW\�FRHIILFLHQW �P��V�I ([WHUQDO�IRUFH�YHFWRUI �I�(�T��N 7XUEXOHQFH�NLQHWLF�HQHUJ\ �-�V�NJ�/ FKDUDFWHULVWLF�OHQJWK �P�PS PDVV�RI�D�SDUWLFOH �NJ�3 3UHVVXUH �N3D�43�'3� (OHFWULF� FKDUJH� RI� SDUWLFOHV� KDYLQJ�GLDPHWHU�EHWZHHQ�'3 DQG�'3�G'3�&�43 &KDUJH�FROOHFWHG�RQ�D�SDUWLFOH �&�46 6DWXUDWLRQ�HOHFWULF�FKDUJH�RI�SDUWLFOH�&�6* 6RXUFH�WHUP�LQ�SDUWLFOH�FRQWLQXLW\�6& 6LQN�WHUP�LQ�SDUWLFOH�FRQWLQXLW\

8 )OXLG�YHORFLW\�YHFWRU8 �8�X��8S 3DUWLFOH�YHORFLW\�YHFWRU8S �8S �X��8SV (TXLOLEULXP�SDUWLFOH�YHORFLW\�YHFWRU8SV �8SV �X��X� 0D[LPXP�PHDQ�YHORFLW\�RI�IOXLG�P�V�X [�FRPSRQHQW�IOXLG�YHORFLW\ �P�V�XS [�FRPSRQHQW�SDUWLFOH�YHORFLW\ �P�V�X� 0HDQ�IOXFWXDWLRQ�YHORFLW\ �P�V�Y \�FRPSRQHQW�IOXLG�YHORFLW\ �P�V�YS \�FRPSRQHQW�SDUWLFOH�YHORFLW\ �P�V�[ [�GLUHFWLRQ �P�[ �[�/� �'LPHQVLRQOHVV�\ \�GLUHFWLRQ �P�\ �\�/� �'LPHQVLRQOHVV�Z 5HVLGXDO�YHORFLW\�YHFWRUZ �Z�X��
*UHHN�OHWWHUVU )OXLG�GHQVLW\�NJ�P��US 3DUWLFOH�GHQVLW\�NJ�P��H 7XUEXOHQFH�GLVVLSDWLRQ�UDWH �-�V�NJ�H� 3HUPLWWLYLW\�RI�IUHH�DLU������u���� )�P�HS 5HODWLYH�SHUPLWWLYLW\ �'LPHQVLRQOHVV�I (OHFWULF�SRWHQWLDO �9�P /DPLQDU�YLVFRVLW\ �NJ�PV�PW 7XUEXOHQW�YLVFRVLW\ �NJ�PV�Q .LQHPDWLF�YLVFRVLW\ �NJ�PV�



'HYHORSPHQW�RI�DQ�H[SOLFLW�(XOHULDQ�PHWKRG�IRU�WUHDWLQJ�SDUWLFOH�ODGHQ�WXUEXOHQW�IORZ�LQ�GXVW�FROOHFWRUV

�� ,UDQLDQ�-RXUQDO�RI�&KHPLFDO�(QJLQHHULQJ��9RO�����1R���

5HIHUHQFHV�� )HUU\�� -��� DQG� %DODFKDQGDU�� 6��� ³$� IDVW�(XOHULDQ� PHWKRG� IRU� GLVSHUVH� WZR�SKDVH�IORZ�´� ,QW�� -�� RI�0XOWLSKDVH�)ORZ���������������������� 6TXLUHV�� .��'��� DQG�(DWRQ�� -��.��� ³(IIHFW� RI�VHOHFWLYH�PRGLILFDWLRQ�RI� WXUEXOHQFH�RQ� WZR �HTXDWLRQ�PRGHOV� IRU� SDUWLFOH�ODGHQ� WXUEXOHQW�IORZV�´� -RXUQDO� RI� )OXLG� (QJLQHHULQJ�� ������������������� 0D[H\��0��5��� ³7KH� JDYLWDWLRQDO� VHWWOLQJ� RI�DHURVRO�SDUWLFOHV� LQ�KRPRJHQHRXV� WXUEXOHQFH�DQG� UDQGRP� IORZ� ILHOGV�´� -RXUQDO� RI� IOXLG�PHFKDQLFV��������������������� 'UX]KLQLQ��2��$���³2Q�WKH� WZR�ZD\� LQWHUDFW�WLRQ�LQ�WZR�GLPHQVLRQDO�SDUWLFOH�ODGHQ�IORZV��WKH� DFFXPXODWLRQ� RI� SDUWLFOHV� DQG� IORZ�PRGLILFDWLRQ�´�-��RI�)OXLG�0HFKDQLFV�������������������� )HUU\�� -��� DQG�%DODFKDQGDU�� 6��� ³(TXLOLEULXP�H[SDQVLRQ� IRU� WKH�(XOHULDQ�YHORFLW\�RI� VPDOO�SDUWLFOHV�´� 3RZGHU� 7HFKQRORJ\�� ����� �������������� 6XK�� <�� -��� DQG� .LP�� 6�� 6��� ³(IIHFW� RI�REVWUXFWLRQV� RQ� WKH� SDUWLFOH� FROOHFWLRQ� HI �ILFLHQF\� LQ� D� WZR�VWDJH� HOHFWURVWDWLF� SUHFL�SLWDWRU´�� -�� $HURVRO� 6FLHQFH�� ������� �����������

�� .KLP�� .�� '��� 0LWFKHU�� 0�� DQG� 6HOI�� 6�� $���³&RPSDULVRQ� RI� ZLUH�SODWH� DQG� SODWH�SODWH�HOHFWURVWDWLF�SUHFLSLWDWRUV� LQ� WXUEXOHQW� IORZ�´�-��(OFWURVWDWLFV������������������� &OLII�� 5��� DQG� *DXYLQ�� :�� +��� ³0RWLRQ� RI�HQWUDLQHG�SDUWLFOHV�LQ�JDV�VWUHDPV�´�&DQDGLDQ�-RXUQDO� RI� &KHPLFDO� (QJLQHHULQJ�� ���� �������������� 7DODLH��0�� 5��� )DWKLNDODMDKL�� -��� DQG� 7DKHUL��0���³0DWKHPDWLFDO�PRGHOLQJ�RI�GRXEOH �VWDJH�HOHFWURVWDWLF� SUHFLSLWDWRUV� EDVHG� RQ� D� QHZ�(XOHULDQ� DSSURDFK�´� -RXUQDO� RI� $HURVRO�6FLHQFH�	�7HFKQRORJ\��������������������� 7HQQHNHV�� +��� DQG� /XPE\�� -�� /��� $� ILUVW�FRXUVH�LQ�WXUEXOHQFH��0,7�SUHVV��&DPEULGJH��0DVVDFKXVHWWV������������ /HRQDUG�� *�� /��� 0LWFKQHU�� 0��� DQG� 6HOI�� 6��$��� ³([SHULPHQWDO� VWXG\� RI� WKH� HIIHFW� RI�WXUEXOHQW� GLIIXVLRQ� RQ� SUHFLSLWDWRU� HIILFL �HQF\´��-��$HURVRO�6FLHQFH��������������������� -DKDQDUD�� 0��� 06F�� 7KHVLV�� 'HSDUWPHQW� RI�0HFKDQLFDO� (QJLQHHULQJ�� 6FKRRO� RI� (QJLQH �HULQJ��6KLUD]�8QLYHUVLW\��6KLUD]��,UDQ������������� :KLWH�� +�� -��� ,QGXVWULDO� (OHFWURVWDWLF� SUHFL �SLWDWRU�� $GGLVRQ�:HVOH\�� 5HDGLQJ�� 0$�����������


