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 Temperature distribution is a key function for analyzing and optimizing 
the thermal behavior of various process equipment. Moving bed 
reactor (MBR) is one of the high-tech process equipment which tries to 
improve the process performance and its energy consumption by 
fluidizing solid particles in a base fluid. In the present study, thermal 
behavior of MBR has been analyzed through mathematical simulation. 
Good agreement between the obtained results and both experimental 
data and analytical solution by self-adjoint method is observed. 
Mathematical results confirm that the average particle temperature 
linearly increases across the reactor length. Fluid temperature 
changes in a parabolic manner, and then it changes linearly. 
Increasing the Biot number ( .RadBi ) results in increasing the 
temperature gradient inside the particle to a maximum value, and 
thereafter a decreasing pattern is observed. The numerical results 
confirmed that the finite-difference method can be used for thermal 
analysis of the moving bed reactor. 
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1. Introduction 
In recent years, an increasing interest in 
employing the moving bed technology in 
chemical separation processes is observed [1-
2]. It is reported that the improvement of 
process performance, decrease in investment 
and maintenance cost, and energy 
consumption can be achieved by moving bed 
configuration [1]. It is possible to transfer 
heat by passing the bulk material through a 
cooling or heating process [2]. 
   Temperature profile, which is necessary for 
understanding the thermal behavior of 
processing equipment, can be obtained by 

solving its governing equations which are 
usually partial differential equations (PDE). 
Exact solution to the governing equation of 
complex geometries and boundary leading to 
the nonlinear PDEs is tedious and sometimes 
impossible. Therefore, it is necessary to use 
discrete solutions in which the infinite set of 
values in the continuous domain is 
represented by a finite set of values [3]. The 
major advantage of numerical methods over 
analytical methods is that they can be easily 
implemented by computers and provide the 
solutions quickly [3]. Meanwhile, during the 
selection process of an appropriate numerical 
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method, its consistency, stability, 
convergence, conservation, bounded-ness, 
reliability and most importantly its accuracy 
should be checked carefully [3-4]. Moreover, 
the systematic errors due to modeling, 
discretization, and iteration must be 
minimized. 
   For considering the heat and/or mass 
transfer between solid particles and fluid 
phases of moving bed systems, a great variety 
of technological applications are presented [5-
6]. Bertoli analyzed heat transfer process in a 
moving bed using two different 
methodologies, namely lumped parameter 
model and distributed parameter one [5-6], 
and validated the obtained results by some 
experimental data [7]. In these studies, the 
author employed the Laplace transform 
method with inversion by the residue theorem 
to find analytical solutions to the governing 
equations of the considered system, and 
observed good agreement between the 
experimental data and predicted ones. By 
using the self-adjoint operator method, Meier 
et al. (2009) presented an analytical solution 
for thermal behavior of moving beds system 
with time-dependent parameters [8]. Some 
researchers have focused on the fluid catalytic 
cracking (FCC) process in a circulating 
fluidized bed reactor [9, 10]. In these models, 
the spatial variations of the process variables 
are considered in both distributed parameter 
model and lumped parameter model. Further, 
Valipour and Saboohi presented a 
mathematical model to simulate the multiple 
heterogeneous reactions in a moving bed of 
porous pellets on a reactor [11]. In another 
work, Valipour and Saboohi presented a 
model to predict flow in a cylindrical reactor 
in which pellets of iron ore went through a 
gas mixture [12]. Moreover, Belighit studied 
the gasifying coal using concentrated solar 

radiation in a moving bed reactor from 
numerical point of view, and compared the 
obtained results with experimental data [13]. 
   In this study, a great deal of efforts should 
be devoted to demonstrating the application 
of the finite-difference method for the 
solution of system of PDEs obtained from 
shell energy balance over the MBR. The 
direct solution to the differential equations of 
both particle and bulk fluids is one of the 
advantages of the present approach. 
Moreover, it can be easily used as an 
interpolation scheme to solve numerical 
advection/diffusion problems. 

2. Model development 
A special characteristic of the moving bed 
systems is the creation of enforced motion in 
pourable bulk solids [2, 8]. In a moving bed 
configuration, heat is transferred by 
movement of the bulk material through a 
cooling or heating section [5, 14]. Amount of 
heat transfer in moving bed systems is mainly 
determined by time of direct contact of the 
particles with the heat-transfer surface. 
   As mentioned earlier, shell energy balance 
methodology is employed to derive the 
differential equations which govern the heat 
transfer through MBR. The energy balance is 
written over a volume element of a 
considered system. Fig. 1 illustrates a 
differential volume element of the MBR in 
which the energy conservation law will be 
written over it. 

 

Figure 1. Selected volume element of the moving 
bed reactor. 
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Some simplifying assumptions are considered 
for modeling thermal behavior of the MBR, 
some of the most important of which are as 
follows: 

1. Velocities and physical properties of 
the fluid and the particles are constant 
and uniform. 

2. Temperature of the reactor wall is 
constant. 

3. Dragging gas can be considered as 
transparent to radiation. 

4. All of the solid particles are 
characterized as uniform spheres. 

5. Heat diffusion in both radial and axial 
directions is neglected. 

6. Shape factor of radiation heat transfer 
(F) equals one. 

7. Heat of chemical reaction is 
negligible. 

 

Amount of radiation heat flux from the 
reactor wall to the solid particles is calculated 
by the linearized Stefan-Boltzmann equation 
as expressed by Eq. (1). 

)(.. pwRadRad TThQ −=  (1) 

where ))(( 22
. pwpwfpRad TTTTSh ++= σε . 

   Unsteady state energy balance of the 
spherical solid particle includes the Fourier 
equation of the heat diffusion resulting in Eq. 
(2) [8]: 

( ) ( ) ( )
r

trT
rr

trT
t

trT
D

ppp

p ∂

∂
+

∂

∂
=

∂

∂ ,2,,1
2

2

 (2) 

   For the fluid with convective heat transfer, 
accumulative, and interface heat transfer 
terms, the energy equation can 
mathematically expressed as follows [8]: 
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   Required boundary and initial conditions for 
the above differential equations are presented 

by Eqs. (4) and (7). 
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   It is convenient to present the above-
governing equations, initial and boundary 
conditions in terms of dimensionless 
parameters. Table 1 presents the definition of 
dimensionless parameters employed in this 
study. In this table, pα  quantifies effects of 

the particles on the fluid, while wα  presents 

effect of wall on the fluid, respectively. α  is 

the combination of both effects, pB  

represents the convective heat transfer 
between the particle surface and the fluid, and 

rBi  represents the radiation heat transfer 
between the particle surface and the wall to 
the diffusive heat transfer in the particle 
interior. 
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Table 1 
Definition of the dimensionless parameters. 
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The dimensionless forms of the governing 
equations, boundary and initial conditions can 
be mathematically expressed by Eqs. (8)  and 
(13). 
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3. Numerical solution 
In this study, a straightforward approach is 
employed to discretize the spatial domain and 
approximate the PDE by the ordinary 
differential equation (ODE) in the grid points. 
Thereafter, a finite-difference model (FDM) 
can simply be utilized to solve a set of ODEs. 
   By employing Euler method for the time 
integration, it is possible to obtain Eq. (14). 

( ) ttTfTT n
nnn ∆=− +
++

1
11 ,  (14) 

   Moreover, first-order upwind difference 
scheme is used for discretizing the convective 
heat transfer and heat diffusion discrete by a 
central difference scheme. 
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4. Derivation of the discretized model 
By discretizing differential equations of both 
fluid and particle using the finite-difference 
method, it is possible to convert PDE into a 
set of ODEs. It should be mentioned that the 
time and spatial derivatives are discretized 

with forward and central differences, 
respectively. 

4.1. Heat transfer equation of the particle 
The discretized form of the inner nodes of 
heat transfer equation of particles can 
mathematically be expressed by Eq. (15). 
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Herein, i  represents location counter, j  is 
time counter, and k  indicates counter of 
experimental parameters ( pα , wα , pBi , 

.RadBi ). rd ′  and dt  are location and time 
increments, respectively. 

4.2. Heat transfer equation of the fluid 
The discretized form of the dimensionless 
equation of fluid temperature is presented by 
Eq. (16). 
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   ( )kjnrp ,,θ  shows the dimensionless 

temperature at the inner nodes of the spherical 

particle. Interior temperature of particle 
equation is: 
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Moreover, the fluid temperature equation can be written as below: 
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4.2.1. Stability and convergence 
To obtain consistent and stable results, λ  
should be as below: 

44
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2

rddt
rd
dt ′

=→≤
′

= λλ  (19) 

   Location step equals 0.1, and time step will 

be obtained from the above equation. 

4.2.2. Boundary conditions 
The first boundary condition is obtained 
through the forward difference method in 
time and space. 
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   For the second boundary condition, use time 
and spatial derivatives with forward and 

backward difference method. 
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The experimental parameters (α , rBi  , pBi , 

fT , pT ) are obtained from Lisbôa [7]. The 

first distant step and time step are defined for 
the model, and then initial condition is 
allocated to the nodes of the particles and 
fluid. 

5. Results and discussion 
In this section, a great deal of effort shall be 
devoted to validating the mathematical results 
with those which are obtained through 

experimental measurements. Results of the 
finite-element method are compared with 
both self-adjoint method and experimental 
data reported by Lisbôa [7]. It is completely 
obvious that the model is valid and accurate 
enough according to the following results. 

5.1. Validation of the model results 
Table 5 describes the experimental values of 
the moving bed reactor reported by Lisbôa 
[7]. These experimental values are utilized to 
validate the numerical results of the FDM. 

 

Table 2 
Experimental conditions used in the simulation [7, 15]. 
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18.99 44.0 5.6 2.67 5.178 0.9943 
 

Table 3 
Physical properties of oil shale fines [7]. 

)(mmd p  pε  )/( KgKKjC p  )/( 3mKgpρ  )/( KmWk p  

348.8 0.86 961.4 2.3 1.4 

 
   In Table 4, the results of our model, those of 
self-adjoint method [5], and experimental data 
[7] are presented. It can be seen that the 
excellent agreement exists between our model 
and experimental ones. 
   In this section, the errors observed between 
models and experimental data are calculated 

numerically. The absolute relative deviation 
(ARD %) which is defined by the following 
equation is employed for numerical 
verification of the modeling results. 

100% .
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×
−

= Exp

CaclExp

PV
PVPVARD   (22) 
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Herein, PV indicates parameter value. 
   Table 5 presents a comparison between 
accuracy of FDM and self-adjoint method in 
the prediction of the experimental data 
reported by Lisbôa for a mixture of oil shale 
fines and air. It is observed that the proposed 
model shows good predictions of the 
experimental data and self-adjoint method. It 

can be concluded that the finite-difference 
method can correctly predict both 
experimental data and self-adjoint modeling 
results (analytical solution). These results 
confirm that the proposed FDM in this study 
can be used for thermal analysis of moving 
bed reactors. 

 

Table 4 
Comparison between the calculated and experimental temperatures of fluid and particle. 

Experimental results [7] Self-adjoint method [5] Our results 

( )CTp
  ( )CTf

  ( )CTp
  ( )CTf

  ( )CTp
  ( )CTf

  

80.3 106.0 79.7 109.0 80 110 
 

Table 5 
Value of error index between the calculated and experimental results. 

ARD % between self-adjoint method and 
experimental data 

ARD % between our model and 
experimental data 

( )CTp
 ( )CTf

 ( )CTp
 ( )CTf

 

0.75 2.83 0.37 3.77 
 

5.2. Calculation of temperature profile 
Fig. 2 illustrates the axial distribution of the 
fluid temperature and average particle 
temperature. It can be seen that the average 
particle temperature changes approximately 
linearly over the reactor length. It can be 
explained by the fact that the total rate of heat 
transfer to the particles was approximately 
constant along the reactor length. 

Figure 2. Axial distribution of the fluid 
temperature and average particle temperature. 

At the entry of the MBR, due to the quick 
heating of the fluid in relation to the particles, 
heat convection in the particles surface is 
high; however, with increasing the reactor 
length, the radiation heat rate in particles 
surface increases and heat convection 
decreases. Therefore, due to the greater heat 
capacity of the solids in comparison with the 

fluid, the ratio of 
T

Rad
Q

Q .  (Radiant heat rate 

to total heat transferred to the particles) 
increases with reactor length. 
   Fig. 3 presents the particle temperature 
profile at the entry of the moving bed reactor. 
It can be concluded that by increasing the 

particle radius, the ratio of 
pi

p
T

T  increases. 

   Fig. 4 shows temperature profile of the solid 
particle under various hydrodynamic 
conditions. Rearranged in the form of 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
30

40

50

60

70

80

90

100

110

Reactor length (m)

Te
m

pe
ra

tu
re

 (o C
)

 

 
Fluid temperature
Particle average temperature



Mahmoodi, Vaferi, Kayani 
 

Iranian Journal of Chemical Engineering, Vol. 14, No. 4 (Autumn 2017)                 55 
 

p

pRad
Rad k

Rh
Bi .

. = , Biot number for radiation 

heat transfer may physically be interpreted as 
the ratio of the internal conduction resistance 
to the external radiation resistance. It is 
illustrated that the inside temperature of the 
particle increases when Br is increasing, 
following until reaching a maximum value 

and then decreases. 
   This behavior may be explained by the fact 
that the solid particles of the MBR can 
become hotter than the fluid with a dragging 
fluid transparent to thermal radiation under 
certain conditions. 

 

Figure 3. Particle profile temperature. 

 

Figure 4. Radial profile of the particle temperature for various radiation Biot numbers at the reactor outlet. 
 

   In Fig. 5, unsteady state variation of particle 
temperature as a function of reactor length is 
illustrated. This type of information can be 
used for obtaining the numeric value of 
temperature of particle in any desired spatial 

and temporal point of interest. It can be 
simply understood that the particle 
temperature gradually increases with reactor 
length over time. 
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Figure 5. 3D presentation of variation of particle temperature as function of time and reactor length. 
 

Unsteady state profile of variation of fluid 
temperature as as function of reactor length is 
depicted in Fig. 6. This figure shows that the 

rate of increase of fluid temperature with 
reactor length is higher than its variation over 
time. 

 

 

Figure 6. 3D presentation of variation of fluid temperature as a function of time and particle Biot number. 
 

6. Conclusions 
In this study, it was possible to employ finite-
difference method to numerical analysis of 
the radiation and convection heat transfer to a 

pneumatically conveyed mixture of solid 
particles, including radial dependence on fluid 
temperature. By comparing the numerical 
results of the FDM with the experimental data 
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and self-adjoint method, it was concluded that 
this method can be used for thermal analysis 
of the moving bed reactor. 
   The numerical results of the MBR can be 
summarized as follows: 
(1) The average particle temperature variation 
is approximately linear with the reactor 
length, explained by the fact that the total rate 
of heat transferred to the particles was 
approximately constant along the reactor 
length. 
(2) It can be concluded that with an increase 

in  particle radial, ratio 
pi

p
T

T  increases.  

(3) Temperature gradient inside the particle 
increases when .RadBi is increasing, although 
other parameters are constants, and it follows 
until reaching a maximum value and then 
decreases. 

Nomenclature 
A  surface area of single particle. 
Bi  Biot number. 
C  specific heat capacity. 
D  thermal diffusion coefficient. 

fS  shape factor. 

h  heat transfer coefficient. 
k  thermal conductivity. 
Q  heat flux. 
r ′  radial distance. 
R  particle radius. 
T  temperature. 
t  time. 
w  axial coordinate. 
F mass flow rate. 
Subscription/ Superscription 
calc calculated. 
exp experimental. 
f  fluid. 
i  inlet. 
p  particle. 
w  wall. 

.Rad  radiative. 
Greek letters 
α  heat diffusion coefficient. 
σ  Stefan–Boltzmann constant. 
ν  kinematic viscosity. 
ε  emissivity. 
ρ  density. 
∆  difference. 
Abbreviations 
ARD absolute relative deviation. 
FCC fluid catalytic reactor. 
FDM finite difference model. 
MBR moving bed reactor. 
ODE ordinary differential equation. 
PDE partial differential equation. 
PV parameter value. 
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