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7KH� DERYH� HTXDWLRQ� KDV� EHHQ� XVHG� DOVR� E\�6XK�DQG�.LP�>�@�WR�VLPXODWH�WKH�SHUIRUPDQFH�RI�HOHFWURVWDWLF�SUHFLSLWDWRUV��8VLQJ� WKLV� UHOD�WLRQ� WKH� IROORZLQJ� HTXDWLRQ� IRU� SDUWLFOH�HTXLOLEULXP�YHORFLW\�ZDV�REWDLQHG�

PS� 33V '� JI88 ���
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ZKHUH� XSD FDQ� EH� REWDLQHG� E\� WKH� IROORZLQJ�HTXDWLRQ�
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7KH�YDOXH�RI�J�LQ�(TXDWLRQ����FDQ�EH�DWWDLQHG�E\� XVLQJ� (TXDWLRQ� �� DQG� EDVHG� RQ� WKH�IROORZLQJ�GHILQLWLRQ�IRU�5HS�
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7KH� ILUVW� SDUHQWKHVLV� LQ� WKH� WZR� DERYH�HTXDWLRQV� DUH� HTXDO� WR� ]HUR� DFFRUGLQJ� WR� WKH�SDUWLFOH� FRQWLQXLW\� HTXDWLRQ�� %\� HOLPLQDWLQJ�WKH� ILUVW� WHUPV� RI� WKH� DERYH� HTXDWLRQV� DQG�
RPLWWLQJ� &S� IURP� ERWK� VLGHV� RI� WKHVH� WZR�HTXDWLRQV��WKH\�FDQ�EH�H[SUHVVHG�LQ�D�JHQHUDO�YHFWRU�IRUP�DV�IROORZV�
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FRPSXWLQJ� WKH� DERYH� SDUDPHWHUV� DUH� LQWUR�GXFHG�7KH� SDUWLFOH� FRQWLQXLW\� HTXDWLRQ� ZDV�PRGLILHG� E\� LQWURGXFLQJ� WKH� QXPEHU�IUHTXHQF\� GLVWULEX�WLRQ�RI�SDUWLFOH� VL]H��$V� D�UHVXOW� RI� WKLV� PRGLILFDWLRQ�� WKH� IROORZLQJ�HTXDWLRQ� IRU� SRO\�GLVSHUVH� SDUWLFOHV� ZDV�REWDLQHG >�@�
� � � �

�'�&6�'�&6[ �'�&([[ �'�&([
\ �'�&Y[ �'�&X

3Q3&3�3*333333

333333
��¹̧·©̈§ wwww�¹̧·©̈§ wwww

 ww�ww ����



'HYHORSPHQW�RI�DQ�H[SOLFLW�(XOHULDQ�PHWKRG�IRU�WUHDWLQJ�SDUWLFOH�ODGHQ�WXUEXOHQW�IORZ�LQ�GXVW�FROOHFWRUV

�� ,UDQLDQ�-RXUQDO�RI�&KHPLFDO�(QJLQHHULQJ��9RO�����1R���

:KHUH� &3�'3�� LV� WKH� QXPEHU� IUHTXHQF\�GLVWULEXWLRQ�RI�WKH�SDUWLFOH�VL]H��&3�'3�G'3 LV�WKH�QXPEHU�FRQFHQWUDWLRQ�RI�SDUWLFOHV�KDYLQJ�GLDPHWHUV� EHWZHHQ� '3 DQG� �'3�G'3�� DQG�&3��'3�� LV� WKH�QXPEHU�IUHTXHQF\�GLVWULEXWLRQ�RI� SDUWLFOH� VL]H� DW� WKH� HQWUDQFH� DQG� PD\� EH�FRQVLGHUHG� DV� D� ORJ�QRUPDO� GLVWULEXWLRQ�ZKLFK� FDQ� EH� REWDLQHG� E\� WKH� IROORZLQJ�UHODWLRQ�
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ZKHUH� 43�'3�� LV� WKH� HOHFWULF� FKDUJH� RI�SDUWLFOHV� KDYLQJ� D� GLDPHWHU� EHWZHHQ�'3 DQG�'3�� G'3�� ZKLFK� LV� FRQVWDQW� GXULQJ WKH�SUHFLSLWDWLRQ� SURFHVV� IRU� GRXEOH�VWDJH� (63�7KH� HOHFWULF� ILHOG� ZDV� IRXQG� IURP� WKH�IROORZLQJ�HTXDWLRQ�
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,Q� VLQJOH�VWDJH� (63V�� WKH� FKDUJLQJ� DQG�FROOHFWLQJ� RI� SDUWLFOHV� WDNH� SODFH� VLPXOWDQ�HRXVO\�� VR� LQ� RUGHU� WR� SUHGLFW� (63¶V SHUIRU�PDQFH�RQH�QHHGV� WKH�FXUUHQW�YROWDJH�FKDUDF�WHULVWLFV��,Q�GRXEOH�VWDJH�(63V�SROOXWHG�JDV�LV�SDVVHG� WKURXJK� D� KLJK�YROWDJH� ZLUH�SODWH�FKDQQHO�IRU�SDUWLFOHV�FKDUJLQJ�EHIRUH�HQWHULQJ�WKH� FROOHFWLRQ� VHFWLRQ�� :KHQ� WKH� SDUWLFOH�FRQFHQWUDWLRQ�RI�SROOXWHG�JDV�LV�ORZ��SDUWLFOHV�ZLOO�EH�FKDUJHG�WR�VDWXUDWLRQ��,Q�WKLV�VWXG\��LQ�RUGHU�WR�ILQG�43�'3���LW�ZDV�DVVXPHG�WKDW�WKH�SDUWLFOHV� UHDFKHG� WKHLU� VDWXUDWLRQ� FKDUJH�GXULQJ�WKH�FKDUJLQJ�SURFHVV��7KXV�WKH�SDUWLFOH�FKDUJH�� 43�'3��� ZDV� REWDLQHG� E\� WKH� IRO�ORZLQJ� HTXDWLRQ� JLYHQ� E\� >��@� IRU� WKH�VDWXUDWLRQ� FKDUJH� RI� D� SDUWLFOH� ZLWK� WKH�GLDPHWHU�'3�
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:KHUH�(FKJ LV�WKH�PHDQ�HOHFWULF�ILHOG�VWUHQJWK�DW�WKH�SDUWLFOH�FKDUJLQJ�VHFWLRQ�
5HVXOWV,Q�RUGHU� WR� H[DPLQH� WKH� UHVXOWV��RSHUDWLRQ�RI�WKH� IROORZLQJ�(63�ZDV� FRQVLGHUHG�DV� D� FDVH�VWXG\�
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7KH� GXFW� LV� ��� FP� ORQJ� DQG� �� FP� ZLGH�� D�EORFN�LV�VHW�DW���FP�RI�HQWUDQFH��7KH�EORFN�LV��� FP� KLJK� DQG� �� FP� ZLGH�� )RU� SROOXWHG� DLU�IORZLQJ� WKURXJK� WKH� GXFW�� D� WHPSHUDWXUH� RI�����.��SUHVVXUH�RI���DWP��NLQHPDWLF�YLVFRVLW\�RI� ����î���� NJ�P�V� DQG� DLU� GHQVLW\� RI� �����NJ�P��DQG�IRU�SDUWLFOHV��UHODWLYH�SHUPLWLYLW\�RI�03 ���� DQG� GHQVLW\� RI� ����� NJ�P� ZHUH�FRQVLGHUHG�� 7KH� SHUPLWLYLW\� RI� IUHH� VSDFH� LV�0� �����î����� )�P�� 7KH� PDJQLWXGH� RI� WKH�PHDQ� HOHFWULF� ILHOG� VWUHQJWK� DW� WKH� FKDUJLQJ�

FHOO� LV� ���î��� 9�P� DQG� LQOHW� PHDQ� IOXLG�YHORFLW\�LV���P�V��7KH�JULG�PHVK�XVHG�IRU�WKH�QXPHULFDO� VROXWLRQ� RI� IOXLG� IORZ� DQG� WKH�HOHFWULFDO� ILHOG� VWUHQJWK�HTXDWLRQ� LV�VKRZQ�LQ�)LJXUH� ��� 7KH� FRQWURO� YROXPHV� IRUP� DQ����î���RUWKRJRQDO� JULG�� )LJXUH� �� VKRZV� WKH�FRQWRXU� SORW� RI� IOXLG� VWUHDP� OLQHV� IRU� WKH�VSHFLILHG�XVHG�FRQILJXUDWLRQ��)LJXUH���VKRZVWKH� FRQWRXU� SORW� RI� HOHFWULF� SRWHQWLDO� IRU� WKH�VDPH�FRQILJXUDWLRQ�
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)LJXUH����&RQWRXU�SORW�RI�HOHFWULF�SRWHQWLDO��DSSOLHG�YROWDJH �����Y

%\� QRZ� WKH� YHORFLWLHV� FDOFXODWHG� EDVHG� RQ�VROYLQJ� WKH� SDUWLFOH� PRPHQWXP� HTXDWLRQ� LV�FDOOHG�WKH�H[DFW�VROXWLRQ� DQG�WKH�HUURU RI�WKH�YHORFLW\� ILHOG� PHDQV� WKH� PHDQ� GLIIHUHQFH� RI�WKH�YHORFLWLHV�FDOFXODWHG�E\�XVLQJ�DQ\�NLQG�RI�H[SOLFLW�(XOHULDQ�PHWKRG�ZLWK� WKRVH�RI� D� VR�FDOOHG� H[DFW� VROXWLRQ�� )LJXUHV� �� WKURXJK� ��FRPSDUH�WKH�SDUWLFOH�YHORFLW\�ILHOG�FDOFXODWHG�EDVHG� RQ� WKH� HTXLOLEULXP�DVVXPSWLRQ� �(TXD�WLRQ� ��� ZLWK� WKH� RQH� REWDLQHG� E\� WKH� H[DFW�VROXWLRQ�DW�GLIIHUHQW�6WN�DQG�(V��7KHVH�ILJXUHV�VKRZ� WKDW� IRU� KLJKHU� 6WN�� WKH� HUURU� ZLOO� EH�PRUH�VLJQLILFDQW��%\�LQYHVWLJDWLQJ�WKH�UHVXOWV�VKRZQ�LQ�WKHVH�ILJXUHV��LW�ZDV�FRQFOXGHG�WKDW�IRU�6WN�OHVV�WKDQ��������WKH�UHODWLYH�URRW�PHDQ�VTXDUH� HUURU� LV� OHVV� WKDQ���SHUFHQW�� ,W� FDQ�EH�LQWHUSUHWHG� VR� WKDW� WKH� HTXDLOLEULXP� DVVXPS�WLRQ� FDQQRW� EH� YDOLG� IRU� 6WN� JUHDWHU� WKDQ�������� )RU� KLJK� YDOXHV� RI� 6WN� WKH� H[SOLFLW�(XOHULDQ� PHWKRG� EDVHG� RQ� WKH� HTXLOLEULXP�DVVXPSWLRQ�VKRXOG�QRW�EH�XVHG�LI�RQH�H[SHFWV�D� UHDVRQDEOH�FDOFXODWLRQ�HUURU��$V�PHQWLRQHG�DERYH�� WKH� SUHVHQW� H[SOLFLW� (XOHULDQ� PHWKRG�ZDV� RSWLPL]HG� WR� PLQLPL]H� WKH� FDOFXODWLRQ�HUURU� RI� WKH� SDUWLFOH� YHORFLW\� ILHOG�� $V�H[SHFWHG�� SDUWLFOH� UHPRYDO� HIILFLHQFLHV� SUH�GLFWWHG�E\�XVLQJ�WKH�SUHVHQW�PHWKRG�DUH�PRUH�DFFXUDWH� WKDQ� WKRVH� SUHGLFWHG� E\� XVLQJ� WKH�

HTXLOLEULXP�DVVXPSWLRQ��)LJXUHV���WKURXJK����VKRZ� WKH� FDSDELOLW\� RI� WKH� SUHVHQW� DSSURDFK�WR� FDOFXODWH� SDUWLFOH� UHPRYDO� HIILFLHQFLHV�DFFXUDWHO\��$V�FDQ�EH�VHHQ��WKH�UHVXOWV�KDYH�D�PXFK� EHWWHU� DJUHHPHQW� ZLWK� WKH� H[DFW�VROXWLRQ�� )LJXUHV� ��� WKURXJK� ��� VKRZ� WKH�YDULDWLRQ� RI� HUURU� ZLWK� 6WN� IRU� GLIIHUHQW� (V��$SSDUHQWO\�� XVLQJ� WKH� SUHVHQW� PHWKRG� SUR�GXFHV� OHVV� WKDQ� WKH� PD[LPXP� ���� HUURU�FRPSDUHG� WR� WKH� PD[LPXP� ����� HUURU�SURGXFHG� E\� XVLQJ� WKH� HTXOLEULXP� DV�VXPSWLRQ��
&RQFOXVLRQ7KH� SDUWLFOH� YHORFLW\� ILHOG� FDOFXODWLRQ� IRU�SDUWLFOH±ODGHQ� IORZ� WKURXJK� GXVW� FROOHFWRU�HTXLSPHQW� ZDV� LQYHVWLJDWHG� WR� ILQG� WKH�FRQGLWLRQ� RI� WKH� YDOLGLW\� RI� WKH� HTXOLEULXP�DVVXPSWLRQ�� 7KH� UHVXOWV� DUH� EDVHG� RQ� WKH�VLPXODWLRQ� RI� SDUWLFOH� UHPRYDO� LQ� GRXEOH�VWDJH� HOHFWURVWDWLF� SUHFLSLWDWRUV�� ,Q� H[DFW�VROXWLRQ�� WKH� SDUWLFOH� PRPHWXP� HTXDWLRQ�VKRXOG� EH� VROYHG� LQ� RUGHU� WR� ILQG� SDUWLFOH�YHORFLWLHV�� 7KH� GLPHQVLRQOHVV� IRUP� RI� WKLV�HTXDWLRQ�LV�WKH�VDPH�DV�WKDW�IRU�DQ\�RWKHU�GXVW�FROOHFWRU��7KXV�WKH�UHVXOWV�FDQ�EH�YDOLG�IRU�DOO�SDUWLFOH� FROOHFWRUV�� %\ LQVSHFWLQJ� WKH� UHVXOWV�RI� VLPXODWLRQ� LW� ZDV� FRQFOXGHG� WKDW� IRU� 6WN�
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KLJKHU� WKDQ� ������� WKH� UHODWLYH� URRW� PHDQ�VTXDUH� HUURU� RI� SDUWLFOH� YHORFLW\� ILHOG� LV�JUHDWHU�WKDQ���SHUFHQW��8VLQJ�WKH�HTXLOLEULXP�DVVXPSWLRQ�ZLOO�EH�YDOLG�IRU�FDVHV�KDYLQJ�6WN�XS� WR� ������� )RU� 6WN� JUHDWHU� WKDQ� ������� WKH�WLPH�FRQVXPLQJ� VROXWLRQ� RI� WKH� SDUWLFOH�PRPHQWXP� HTXDWLRQ� VKRXOG� EH� PDGH�� ,Q�

RUGHU� WR� DYRLG� VROYLQJ� WKLV� HTXDWLRQ�� D� QHZ�H[SOLFLW (XOHULDQ� PHWKRG� ZDV� GHYHORSHG��7KLV�PHWKRG� FDOFX�ODWHV� WKH�SDUWLFOH� YHORFLW\�ILHOG� H[SOLFLWO\� IRU� 6WN� JUHDWHU� WKDQ� ������ZLWK�UHDVRQDEOH�SUHFLVLRQ��8VLQJ�WKLV�PHWKRG�UHGXFHV� WKH� IDLUO\� ORQJ� FRPSXWDWLRQ� WLPH� RI�WKH�VLPXODWLRQ�RI�GXVW�FROOHFWRU�SHUIRUPDQFH�
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