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Abstract

In this paper, an affine neural model is used to model the unknown part of SISO
processes with un-modeled actuator dynamics. It is assumed that a partially known
first-principles based model of the process, which is invertible with respect to the
unknown part, is available. Using this available knowledge, I/O training data of the
process, and affine neural networks, a serial gray-box model is generated which is
suitable for applying feedback linearization. Hence, the resulting nonlinear controller
works in a large operating region. The superiority of the gray-box over the black-box
approach is investigated for a fermentor using the experimental data borrowed from the
literature. Simulation results of our case study show that the proposed affine gray-box
method is superior to the conventional affine black-box method and preserves
extrapolation property.
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Non-linear Control

Introduction

Achievements in the field of differential
geometry have led to the emergence of
interesting control techniques in the non-
linear system theory including feedback
linearization (FL) [1, 2]. Henson and Kra-
varis have addressed the application of FL to
chemical processes in continuous-time dom-
ain [3-6]. Control schemes based on FL
provide a larger dynamic operation range
than the conventional Jacobian linearization
method about an operating point. Fur-
thermore, the benefits of linear control
techniques can be utilized via FL.

However, when major parametric or struc-
tural uncertainties are present in the system,
the states of the plant could be neither
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accurately measured nor estimated, or when
some necessary controllability and involu-
tivity conditions are not satisfied, an exact FL
is not possible.

Neural networks can approximate any con-
tinuous function to an arbitrary accuracy [7];
hence they are suitable tools for modeling
nonlinear uncertain plants provided that
appropriate input/output data is available [8].
Model-based FL method using neural net-
works has received attention since it has the
ability of handling plant uncertainties just by
input-output data. FL has also been suc-
cessfully applied to continuous-time recur-
rent neural networks [9]. In another work, a
modet based FL in discrete-time via neural
networks has been developed [1). In all of
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the FL schemes mentioned above, the neural
network is used as a black-box model and no
part of the plant dynamic equations is
assumed known. Hence, the black-box neural
network model may have poor extrapolation
properties and its validity may remain within
the range of the training data.

The models totally generated by the first
principles knowledge (a priori information
based on general physical rules) governing
the plants are called white-box models [1].

Although these models have good extrapola-
tion properties, they are hard to find since
they require reliable knowledge about the
plant. Moreover, converting the available
plant information into standard dynamic
equations may be difficult or impossible.
Hence, generating white-box models (when
possible) is expensive in general.

It may be possible to generate models based
on a combination of first principles know-
ledge of the plant and neural or fuzzy models,
resulting in what is called first-principles
based gray-box, hybrid, or semi-physical
models [11 13. These models include black-
box elements as parts of the white-box model
derived from the first principles knowledge
and can be classified into parallel and serial
types. In a parallel gray-box model, the
neural network is placed parallel to the first
principles model [16 1. This type may have
better interpolation properties in comparison
with the black-box one. In serial gray-box
models, the neural network is trained to
model only the unknown or uncertain part of
the plant dynamics [14 14 This type yields
better extrapolation properties than the black-
box type while requiring a lower amount of
training data and training time. Hence, using
serial gray-box models provides an efficient
approach, especially when data acquisition is
a serious bottleneck, as is the case for
chemical and biochemical processes. Mor-
eover, using hybrid models prevents large
oscillations in the predicted output.

In [1$ , an input/output linearizing control
law has been applied to a non-neural and
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non fuzzy first-principles-based gray-box
model of an industrial-scale batch poly-
merizetion reactor in continuous time
framework; however, the gray-box model is
only valid for the desired output profile that
has been used during the training. Fur-
thermore, to obtain the training data, it is
necessary that a suitable controller (PI
controller in that case) be available to
generate the desired output profile.

Another scheme for incorporating a priori
knowledge in neural/fuzzy models and pro-
ducing gray-box models has been considered
in [18 2(. In this approach, some qualitative
a priori information such as the smoothness
of system behavior, open-loop stability,
steady state gain, settling time, and non-
linearity are used as constraints on the black-
box model parameters in the form of linear
inequalities. In [2] , an internal model
control (IMC) scheme has been applied to the
gray-box fuzzy model of a pH process. The
inverse model used in this approach (Equa-
tion (2] in [2]) does not have straight-
forward mapping and needs computation and
decision for all simplices in order to
determine the inverse model output. Evi-
dently, for a large number of simplices the
computational overhead will be high.
Furthermore, the type of a priori knowledge
that can be incorporated in the gray-box
model is limited to that which can be
represented or transformed into linear in-
equalities on the parameters of the fuzzy
model. Also, if some known or unknown
parameters of the plant change after training,
the trained gray-box fuzzy model will be-
come invalid because it is not possible to
incorporate the known parameters of the
plant in the fuzzy model such that their
variations can be directly reflected into the
model. (Notice that this type of gray-box
model is not based on the first principles
knowledge of the plant). In that work, if the
number of rules in the fuzzy model is not
large enough, the gray-box model may
exhibit poor performance compared to a
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black-box model with the same number of
rules. (See table Il in [2]).

In this paper, we apply FL techniques to the
first-principles-based serial gray-box model
of an uncertain biochemical plant via affine
neural networks; hence, we take the advan-
tages of the FL technique, first-principles
knowledge, and serial gray-box neural
modeling to improve the control perfor-
mance. We will also have a comparative
discussion about the model-based FL control
schemes via black-box and serial gray-box
affine neural network models in one-step-
ahead (OSA) and free-run (FR) modes.
Furthermore, we will compare the simulation
results of the conventional and the proposed
methods for a fermentation process.

The Theory

Consider an n-th order nonlinear uncertain
SISO process, described by the following
discrete-time dynamic equation:

Viert =S ks Victsoos Vimnat s Ui s U1 5+ s Uy )

:f(Xka”k) (1)

where X, = [y, Voo Vicnsts oo osthion || 2V &
and u; are the output and the input (actuator)
of the plant respectively, and f'is an unknown
function because of the un-modeled actuator
dynamics. We want to develop a serial gray-
box neural model for the plant using
input/output data. The gray-box model will
be used to control the plant via FL schemes
in different modes.

Assume that, using the available first
principles physical knowledge about the
plant the right hand side of Equation (1)
could be described as:

Vw1 :f(Xk’uk)zg(X’h’ﬂlX:Xk,u:uk (2)
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where g(.,.,) i1s a known function of its
explicit arguments, SeR 7 is a vector
containing known parameters, and / is an
unknown scalar valued function of X, and uy
with an unknown structure which does not
depend on the parameter vector f. Thus, we
have:

h= h(X’u]X=Xk,zt=ztk (3)

We state that the gray-box structure is
invertible if the unknown function 4 can be
extracted from Equation (2) such that we can
express it in the form of:

h(Xka”k)=g1;1(J’k+1an:ﬂ) 4)

where g;'(.....) is a known function given that

Vir1 1s known. For an invertible gray-box
model, if some experimental I/O plant data
are available, one can use Equation (4) to
obtain the I/O data that corresponds to the
unknown scalar function 4. This data can be
used for training a neural network to model
the unknown function 4(X,,u, ). We describe

this trained neural network by the following
equation:

)

In this manner, we obtain a gray-box model
of the plant in one-step-ahead (OSA) mode
that can be described by the following
equation:

Pt = F(Xpoup) = glX 0 (X g ug), B (6)
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By OSA we mean that the true plant output is
used for evaluating the right hand side
Equation (6).

Free-Run (FR) mode: If the measurement of
the plant output is not available, we use the
previous values of the estimated output of the
gray-box model. In this case, the vector:

o A A T
X =Dk Victsoros Vel s Wt oe e U | (7)

is used in place of X} in Equations (6).

Affine Modeling of the Unknown Part

In affine gray-box modeling, the unknown
function A(X,u) is approximated by two
neural functions, and is described by the
following equation:

h=h(X )= Ny (X, )+uy Ny (X)) ()

where functions N;(X;) and N,(X;) represent
the outputs of two separate neural networks.
Notice that the control input u; appears
linearly in the overall model output #.
Evidently, training of this model requires
simultaneous learning of the two neural
networks N;(X;) and N,(X;) using a cost
function that considers # as the overall
output. In this manner, the affine gray-box
model is described by Equations (6) and (8)
in OSA mode. For invertible structures the
input-output training data for the overall
network is arranged in the form of
[ X7, u;;h(X,,u,)], where the desired output
data h(Xj,ui) is obtained from Equation (4).
Figure 1 shows the block diagram for training
the affine neural model # .

Feedback Linearization (FL)
Recalling that g(.) is a known function and

h can be extracted in the form of Equation (4)
from Equation (2), u; can be extracted from
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Equations(4),(6 ) and (8) as below:

wp =125 Gras X B) = Ni(XOIN, (X ) (9)

Uy Vi1
Process L
v =]
Tapped Delay Line|—> £ X, -1
_ FT &
Tapped Delay Line| K

\
v v

Learning
Algorithm

Figure 1. Training Diagram for the Affine Neural
Model

By selecting an appropriate stable dynamic
equation such as the following for the output
error:

e ety e+ tage =0 (19
wheree, =3, —r,and  scalar
ay,++,a; are selected such that the following
characteristic equation has only stable roots:

parameters

My +ovazra, =0 (11

the following control law is obtained in OSA
mode:

/
ghl(’”kﬁ _zal—iek—ianaﬁJ_Nl(Xk)

i=0
N, (xy)

uk:

(12
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In FR mode X, must be used in place of X;
in above control law.

Case Study

To further explore the results of different
methods in previous sections and to in-
vestigate their advantages in comparison with
the black-box modeling, we focus on a
biochemical process as a case study. The
plant that we would like to control is a
fermentor described in [1] by Van Can et.
al. At the bottom of the vessel, air is blown
with input flow rate u, and we assume that it
is kept equal to a known constant. The
position of a pneumatic valve in the outlet
gas pipe (u;), expressed by the percentage
that it is closed, controls the pressure () in
the vessel. We denote u; as the control input
and y as the output of the plant to be
controlled. The plant dynamics in the discrete
time domain can be described as [1]:

y(k+1)=g(y,K(u, y), ) y=»0
u=u, (k)

=y(k)+B- {uz (k) - \/K(u1 (k). y(k)- h{@ﬂ

0

(13

where g=(39.7A¢-R-T)/V, and

y pressure (Pa)

R gas constant = 8.31434 J/mol/°K)

T temperature = 333 K)

Vi head space of the vessel = 0.01§ m”)

u valve position ( % closed)

U incoming air flow = 3.7& 107 (m’/s)

Py atmospheric pressure = 1.01% 10°
(Pa)

K lumped friction coefficient of the
outlet (m®%s?)

At sample interval = 5 (s)

The lumped friction coefficient of the outlet
(K), referred to as friction parameter, is an
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unknown nonlinear function of u; and y;
hence, we have a nonlinear and non-affine
plant with structural uncertainty as shown in
Equation (1}. Figure 2 shows a test control
signal (valve position) along with the plant
output (pressure), which will be used for
training purposes.
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Figure 2. Simulation results of the process

Affine Gray-box Modeling and Control
Previous works such as [1) show successful
application of exact/approximate FL approa-
ches to black-box neural models of the plant.
Here, we would like to extend FL to gray-box
neural models of the plant via affine neural
networks, hoping that the resulting control
schemes inherit the benefits of serial gray-
box models mentioned in Section 1.

In the black-box modeling schemes, we did
not utilize our partial knowledge about the
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dynamical equations governing the plant for
selecting the structure of the model even
though the unknown part of the plant in this
case is only the friction function.

In gray-box modeling, introduced in [1] , the
structure of the model is selected such that
the neural network models only the unknown
part of the plant equations. Since this model
utilizes the known parts of the plant dy-
namics, derived from physical laws gover-
ning the plant, it is referred to as a first-
principles-based gray-box model.

It is obvious that the gray-box model is
superior to the black-box one when it can be
generated. Moreover, since the identification
effort is only on the unknown part of the
plant, the accuracy of the trained gray-box
model will increase, while the required
training time will decrease in comparison
with the black-box model. Furthermore, the
validity domain of a gray-box model is more
than that of a black-box one, because a gray-
box model provides a greater degree of
freedom for the unknown function in the
plant, constructed by the neural network.
These functions are not explicitly trained in a
black-box model, and if they undergo some
variations, the trained black-box model may
produce larger errors. Moreover, if some
measurable parameters in the known part of
the plant change after the training, the gray-
box model is still valid using the new values
of the measurable parameters, while the
black-box model requires new training to
incorporate the resulting changes in the
overall input/output map.

Since the fermentor model is invertible with
respect to friction, we can extract the data
required for modeling the friction function by
rewriting Equation (1} as:

2
{uz(k)_{“"“;‘ y(k)}

{Uﬂ
PO

K(u, (k), y(k)) =

(13
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Using the I/O data of Figure 2 we can extract
the output data of function K(u;,y) from the
above equation. We can now train suitable
neural models to approximate the friction
function. We develop and train an affine
gray-box model, and then we apply FL
techniques to it. The affine model has two
inputs (u1(k), y(k)) and one output K(k). The
following equation shows the general
structure of the gray-box model in OSA
mode:

§(k +1) = F(u, (k), y(k))

=yk)+p- {uz(k) - \/‘K(ul(k),}’(k))‘ : 111[%}}
0

(1

where K(u,(k),y(k)) 1s obtained from the

trained affine neural network. Due to some
scarce data that may occasionally drive K to
negative values, its absolute value is used to
keep a nonnegative argument in the square
root function. In FR mode, y(k) is replaced by
$(k) in the right hand side of Equation (1)

and in the second argument of X .
The affine neural model of the unknown part
of the process has the following structur

K, (k)= £ (7, () +uy, (k) g(v,, (k) (1%

where y,(k)=10"y(k), K, (k)=10°K(k), and
uy, (k) =0.02u, (k). In the above equation, f (-)

and g(+) are the outputs of two separate neural
networks. Both networks are single-input
single-output two-layer perceptron with three
hyperbolic tangent neurons in the hidden
layer and one linear neuron in the output
layer. Figure 3 shows the structure of the
neural network that generates f{(y,). The other
neural network has the same topology.
Function &, is the normalized friction and
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vu(k) 1s the normalized pressure. Because the
target data derived from equation (13 is of
order 107°(m°®/s%), the input data y(k) is of
order 10° (Pa), and the input data u, varies
between 0 and 100 we have chosen the
above normalizations as a simple data pre-
and post-processing for improving the data-
fitting capability of the network. The struc-
ture of affine model of friction is shown in
Figure 4.

Figure 3. Structure of f{y,(k)) in affine neural model

K, ),
L Kk, ym)

u; (k) :;)> (k)

Figure 4. Overall structure of the affine friction neural
model

With the training data shown in Figure 2, the
overall model was trained by an adaptive
L.M. algorithm. However, this configuration
requires that both feed-forward networks be
trained simultaneously. Figure 5 shows the
relative estimation error of the trained affine
model, evaluated by the training data. It can
be seen that the relative error is below
0.0%%.
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Figure 5. Relative eror of the affine neural model

Notice that in the affine gray-box model,
depicted in Figure 6,the control input u; does
not appear linearly in the right hand side of
Equation (1) which describes the model
structure. Thus, calling the second model
‘affine’ was only due to the shape of an
internal part of the model. In other words, by
affine gray-box we mean the gray-box model
whose internal neural block forms an affine
model for the unknown part of the plant.

10, (K) —> Affine

One-step
ahead )‘/ ( k)

»()—| switch [+

(free-run)

Pk +1)

e
Lz r

Figure 6. Gray-box model of the fermentor

Now we apply FL procedure to the affine
gray-box model described by Equation (1)
whose neural model is given in Equation (1§
and is depicted in Figure 4. Although control
input u;(k) does not appear linearly in the
right hand side of Equation (1} ,it is possible
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to extract u (k) from the equation of the
affine gray-box model. This is because u;(k)
appears linearly in the output of the neural
friction model given in Equation (1%

We would like to find a control law that
forces the model output error to follow a
desired stable dynamics described by the
following equation:

e(k+1)-0.76 (k)=0 (17

Using Equations (1Y and (1) the following
equation is obtained in OSA mode:

1G] 1{%} o, 075 £+ )~y (k)

B

0

(1%

Because the right hand side of the Equation
(1% must be nonnegative, we pass it through
a saturator defined as:

0 x<0
satg ., (x) = {x z 50 (19

ThugEquation (1§ turns to:

Ko I{M} o, w[uz _ 075e(k) +1(k+1) = y(6)
Py ’ B

(29

Since K has been trained to approximate a
positive function, it is positive for almost all
data in the region under consideration (1<( y/
Py)<2 and 0< u;<10). Thus we must select
only the positive solution for K from the
above equation to extract u;(k) from it. Using
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Equations (1% and (2) and limiting the
control signal to interval [0 10] , the
following control law is obtained:

50 10%s2 (k
ALSE iy, (k)

u; (k) = saty 9 g(yn(k)) 1nw
PO

(2)
Where
s(k) = sat, w(uz ~ 0.75e(k) +r(k+1) — y(k)]

| B

(22

v, (k) =107 y(k) 3

In FR mode, y(k) is replaced by (k) in the
right hand sides of Equations (2] , (22 , and
(23

Simulation Results: Results of applying the
above control laws with a sinusoidal
reference are shown in Figure 7 for both FR
and OSA modes.

Notice that during the time that the control
signal remains within its limits, the affine
gray-box scheme exactly linearizes the model
dynamics and j(k) converges to r(k).

In Figure 8, results of applying the above FL
scheme with different initial conditions of
plant and the gray-box model (in FR mode)
for a saw-tooth reference signal are shown.
The control scheme has provided good
tracking even when the initial state of the
model is not close to that of the plant. As we
can see in Figure 8, when the control law is
obtained from model output in FR mode, it
would require some time for the model
output to converge to the plant output (within
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an acceptable error). This time interval is not
under our control and may be large or small
depending on the initial conditions and the
open-loop stable nature of the plant; how-

x10° (a) Outputs

(b) Control input

ever, after that period, the plant output
approximately tracks the reference signal
along with the model output whose tracking
speed is under control via AFL.

X 10'6 (c) Relative errors

(y-yhat) /'y

time step

0 100 200 300
time step

Figure 7. Simulation results of FL via affine gray-box model with sinusoidal reference
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Figure 8. Results of FL via affine gray-box model
with different initial conditions in FR mode

Black-Box Affine Neural Modeling and
Control

One approach for applying F.L. to this plant,
which has been described in section 4.3of
[1] , is to generate an affine black-box neural
model of the plant, and then, to apply a
control law to the physical plant so as to
exactly linearize the affine neural model. To
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compare our result with that of the black-box
model, we select the following black-box
affine neural model for the plant with the
same topology that is employed in [1{:

7, (k)=107 y(k) (2%

Yalk+1) = £,(y, (k), yo (k =1),y, (k —2)) +
gn(Yn (k)9 Yn (k - l)a Yn (k - 2)ul(k)

2>

Pk +1)=10, (k+1) 2p

where f,(-) is modeled by a two-layer
perceptron with three inputs y,(k), y,(k-1) and
vu(k-2), one hyperbolic tangent neuron in its
hidden layer, and a linear neuron in its output
layer. Function g,(-) is realized by another
neural network with the same architecture as
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the network f,(-) [10. Due to their inter-
connections via equation (2p , the off-line
training of the networks g,(-) and £,(-) should
be performed simultaneously. Letting the
desired tracking error dynamic be in the form
of equation (1Y, the feedback linearizing
control law for the black-box neural model in
one-step-ahead mode is:

u, (k) =

wat 107 Lk + 1) +075e(k)] ~ £, (ya (k). (k = 1). v, (k= 2))
o100 2a(¥a (0), ¥, (k= 1), y,(k -2)

2y
Where

Ya(K)=107-yk) &  e(k)=3(k)—r(k)

(23

Clearly, in FR mode y(k) and y,(k) must be
replaced with j(k) and 7,(k) in the above
equations respectively. Simulations with the
sinusoidal reference signal and initial con-
ditions similar to those of the previous
section were performed for one-step-ahead
and free-run modes, and the resulting relative
errors are shown in Figure 9. Comparing
these results with those of Figure 7(c) reveals
that the affine gray-box FL scheme yielded
much smaller tracking errors than that of the
affine black-box FL scheme.

Gray-Box and Black-Box Methods in
Extrapolation Mode:

We can now examine performances of affine
gray-box and black-box neural linearization
methods when some measurable parameters
of the plant such as input flow rate u, or the
head space of the vessel do not correspond to
those of the training data, i.e., u2=3.7% 10 -
(m’/s) and 7, = 0.015 m?). For instance, we
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reduce headspace V), by 60% (which may
happen as a result of distillation) and apply
feedback linearizing control schemes using
the previously trained models. Figure 10
shows the plant and the reference output for
the control schemes using the affine black-
box and gray-box models with a square-wave
reference in OSA mode. As we can see, the
controller utilized with the black-box model
fails to track the desired output so much and
exhibits dither. On the other hand, the gray-
box based controller still provides good
tracking under this much of headspace
variation. This is because parameter V), is in
the known part of the plant and thus its
measurement is available and its variation in
the form of g is directly reflected in the FL

control law (see Equation (2)). This is while
in the black-box-model based controller; V,
(or B) does not explicitly show up in the
control law, and the neural models that have
been trained with the previous value of V,
exhibit a considerable amount of error under
this variation. A remedy would be to use
online adaptive black-box modeling to track
such variations in the plant parameters.
However, the adaptive black-box FL con-
trollers have a much slower response than the
non adaptive gray-box FL controllers since,
in the latter, the fresh measurements of the
parameters in the known/measurable part of
the plant are directly used in the control law.

Relative errors

'
0.08F & -=- FR

(y-yhat) /'y
S

1
-0.02f - N\’ \-

_0'040 50 100 150 200 250 300

time step

Figure 9. Relative output errors of FL via affine
black-box model with sinusoidal reference
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Figure 10. Results of the black-box and the affine
gray-box FL controls with reduced V), (OSA)

Discussions and Conclusions

Exact feedback linearization (FL) methods
for nonlinear dynamical systems can provide
desirable global performance, but they re-
quire exact knowledge of the plant dynamic
equations. Thus, when there are structural
and/or parametric uncertainties in the plant
dynamics, it is not possible to apply FL.

The methods discussed in this paper extend
application of FL techniques to nonlinear
uncertain plants that can be modeled by
neural networks. When there is not any
stnctural knowledge about the dynamics of
the plant and only suitable /O data is
available, black-box neural networks may be
used to model the plant in an affine form, and
then, FL can easily be applied to them.
However, the validity domain of a black-box
model is highly dependent on the domain of
the training data.

When precise knowledge about some parts of
an uncertain plant exists, it may be possible
to use this knowledge in forming a partial
structure of the model and to concentrate the
modeling capability of the neural network on
the unknown part of the plant. This would
result in a serial gray-box neural model.
Similar to the black-box scheme, it is better
to select an affine form for the structure of
the gray-box neural model in order to directly

Iranian Journal of Chemical Engineering, Vol. 3, No. 1

apply FL scheme to it.

The structure invertibility must be examined
before training the serial gray-box model. If
the model is invertible, it may help to obtain
a more accurate affine gray-box model.

The serial gray-box models have further
versatility and their domains of validity are
larger than those of the black-box models. On
the other hand, black-box models can be
obtained for larger groups of plants. Because
in general, using plant input/output data for
training a neural network to model an
unknown part of a plant is not a routine
procedure while training a neural network to
model the entire plant is relatively straight-
forward.

In gray-box modeling, if the measurable
parameters in the known part of the plant
undergo some variations, they do not affect
the performance of the FL controller since
their variations are directly reflected in the
FL control law. On the other hand, in black-
box modeling, such parameters do not
explicitly appear in control law, and the
neural models that have been trained with the
previous value of those parameters exhibit a
considerable number of errors after such
variations. These variations in the known part
of the plant alter the input/output mapping of
the entire plant, and consequently, invalidate
the black-box model. Using an online ad-
aptive black-box FL controller to track
parameter variations would yield a much
slower response than the non-adaptive gray-
box FL controller. This is because, in the
latter, the fresh measurements of the
parameters in the known/measurable part of
the plant are directly used in the control law.
In the proposed control scheme, both OSA
and FR modes may be adopted. Naturally,
OSA mode yields better results, but it
requires the exact measurement of the plant
output in real time. However, when this
measurement is not available or is highly
corrupted by noise or disturbance, FR mode
can be used for open-loop stable plants.
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