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 In this paper, modeling approaches were given for explaining mass 

transfer during solid-liquid extraction in continuous fixed, expanded, 

and fluidized-bed extractors. The first approach utilizes a differential 

mass balance-based model, focusing on the differential mass 

conservation within an element of fixed and expanded-bed columns. The 

second approach employs a model by applying a mass balance concept 

to a control volume of the fluidized-bed column. The differential mass 

balance method segments the column into well-mixed stages, with the 

fluid flowing axially in an ideal plug flow regime. The solute diffusion 

inside the porous particles is modeled using Fick's second law of 

diffusion. Modeling parameters like the effective diffusivity and 

equilibrium concentration were estimated using the batch extraction 

experiments. These models were developed and validated using 

experimental column data involving the extraction of potassium 

bicarbonate from polyamide 6 pellets with distilled water as the solvent. 

The modeling results show a good agreement with experimental data. 

 
DOI: 10.22034/ijche.2024.450503.1527     URL: https://www.ijche.com/article_196450.html 

Article history: 

Received: 2024-03-30 

Revised: 2024-05-13 

Accepted: 2024-05-19 
Available online: 2024-05-19 

 

  

Keywords: 

Mathematical model, 

 Solid-liquid extraction, 

Fixed-bed, 

Expanded-bed, 

Fluidized-bed 

 

 

1. Introduction 

A critical step in the separation of valuable 

compounds from natural products is solid-

liquid extraction, a process intended to extract 

the solute (extractable compound) from the 

solid matrix [1]. Extraction is performed in 

food, medicine, perfume, and flavor industries 

using a wide range of solvents and processing 

methods [1-7]. Conventional hydrothermal 

extraction processes include maceration, hot 

continuous extraction (Soxhlet), hydro-

distillation, steam distillation, and organic 

solvent extraction.  

An important disadvantage of conventional 

techniques is that the extraction rate is slow 

and the process often takes a long time to 

complete, but they still are among the most 

common extraction methods [1, 2, 5, 8]. One 

solution is to operate the extraction at a higher 

temperature, to give a faster mass transfer by 

increasing the diffusivity,decreasing the 

solvent surface tension, and improving the 

solubility in the extraction phase. However, 
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the major problems associated with the 

extraction process at higher temperatures are 

the decomposition of thermally unstable 

materials and the loss of volatile compounds 

[9, 10].  

Extraction techniques can be employed in 

either a batch (static) or a continuous 

(dynamic) configuration [11-18]. Batch 

operations are expensive and labor-intensive 

when holding large volumes. A continuous 

process has the potential to reduce costs and 

lead to commercial success for the material 

extraction from a large volume of solid feed 

[19-21]. In continuous processes, there are 

various solid and fluid contactors such as the 

up-flow or down-flow fixed-bed, fluidized-

bed, and oscillated (pulsed) bed [22-25]. 

Among these, up-flow and down-flow fixed-

bed columns are more common due to the 

operational simplicity, ease of operation, and 

handling [25]. However, in the fixed-bed 

column, the process encounters some 

disadvantages, including channeling, dead 

zones, and high pressure drops across the 

column [26]. Operational limitations 

associated with the fixe-bed have been 

overcome by using fluidized-bed solid-fluid 

contactors. Furthermore, mass transfer is 

usually enhanced by fluidized operations due 

to high rates of heat and mass transfer and 

uniform mixing [23, 24, 27]. Thus, it is of 

interest to extend different tests using a liquid-

fluidized system. Liquid fluidization is more 

common in mining and wastewater treatment 

industries [24, 28, 29]. The main difference 

between the fixed-bed and fluidized-bed 

columns is attributed to the flow pattern of the 

fluid [30]. At a low superficial fluid velocity, 

the bed remains in a static or fixed state. By 

increasing the fluid velocity, the solid particles 

start to expand and the porosity rises [30]. An 

expanded bed is not exactly a fixed-bed, but, 

in principle, the physical behavior and the 

separation process of both are similar [31-34]. 

However, the main difference between the 

fixed and expanded-bed is related to a higher 

void fraction in the expanded-bed and this 

causes the reduction in the flow channeling 

[31, 34]. In the fluidized-bed, the fluid operates 

above the minimum fluidization velocity and 

the static solid particles behave as a fluid thus 

the excellent mixing of solid particles in the 

bed is expected [30, 35].  

The extraction process is a complicated mass 

transfer phenomenon associated with the 

solute transfer into the porous solid particles 

and then, from the surface of the solid matrix 

to the fluid. It usually consists of three steps, 

as follow [36-38]: 

i) Diffusion of solute from the cell wall into 

the surface of a solid body (intra-particle 

diffusion or internal mass transfer) 

ii) Diffusion from the surface of a solid body 

to the fluid phase through the liquid film 

around the solid body (liquid film 

diffusion or external mass transfer) 

iii) Transfer from the liquid film to the bulk 

fluid phase 

Although these three different steps may exist 

during the extraction, one of them may control 

the mass transfer phenomena [39, 40]. 

Developing a mathematical model 

representing the extraction mechanism allows 

us a better understanding of the phenomena 

involved, leading to the new possibilities for 

improving the technology and also is a 

powerful tool in scaling-up processes. In 

addition, the experimental concentration 

profiles of the solute in both solid and fluid 

phases during the process cannot be easily 

identified because of the difficulty in the 

continuous sampling, and expensive and time-

consuming laboratory procedures. Therefore, 

it is essential to propose an accurate 

mathematical model, prior to the process 

design and experiments, to save time and 

money. Up to now, several mathematical 

models have been formulated for solid-liquid 
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extraction processes [11, 12, 36, 37, 41-52]. 

The aim of using these models was to predict 

the extraction curve (which plots concentration 

against time) and understand the effects of 

operating conditions on the kinetics of the 

process. In some cases, batch kinetic studies 

are employed to obtain physical parameters 

that are used in other systems such as the fixed-

bed or fluidized-bed. One of those parameters 

that should be known is the effective diffusion 

coefficient characterizing the diffusion rate of 

molecules in the solid matrix [53]. Simple 

analytical solutions of the Fick’s second law of 

diffusion have been widely used to determine 

the effective diffusivity for different 

geometries [11, 42, 47, 54, 55]. The most often 

used mathematical models in continuous flow 

extractors are based on differential mass 

balances in both solid and fluid phases [12, 28, 

41, 43-46, 48-51]. These models differ in 

describing flow patterns (the ideal plug flow, 

the axially-dispersed plug flow or the well-

mixed flow), interactions between the solute 

and the solid matrix, and different expressions 

of the mass transfer rate from the inside of the 

solid particles to the bulk fluid phase. In the 

real physical nature of the fluid flow, the flow 

pattern is intermediate between the ideal plug 

flow (zero dispersion) and the well-mixed 

(infinite dispersion). In the ideal plug flow, it 

is assumed that all fluid elements move in the 

same manner inside the column and thus the 

same residence time is expected [56, 57]. 

Dispersion effects are mainly caused by the 

oscillatory flow, molecular diffusion, and the 

turbulent diffusion, which is characterized by 

the axial dispersion coefficient [58-61]. 

It is aimed in the present work to develop a 

simple and reliable mathematical model based 

on the phenomena that occur during the solid-

liquid extraction from porous particles in 

fixed, expanded, and fluidized beds. In fixed 

and expanded operations, a differential mass 

balance-based model was developed based on 

a the uniform assumption of liquid and fluid 

phases. In this case, the column was divided 

into a series of well-mixed stages, of which 

numbers were obtained from experimental 

data and modeling results. Also, the linear 

driving force approximation was used to 

estimate the mass transfer kinetics of the solute 

from solid particles to the liquid phase. For the 

fluidized-bed simulation, a mathematical 

model was proposed based on mass transfer 

over a control volume of the column [62]. In 

addition, modeling parameters—the effective 

diffusion coefficient and the equilibrium 

concentrations—were determined through 

batch extraction experiments under various 

operating parameters of temperature and the 

concentration of solution. To verify the 

validity of the proposed models, laboratorial 

experiments in continuous columns were 

conducted for the extraction of potassium 

bicarbonate (KHCO3) from polyamide 6 

pellets (PA6) using distilled water as the 

flowing solvent.  

 

2. Mathematical model 

2.1. General assumptions 

The physical system under consideration is a 

continuous process with the flow of water 

along the beds of fixed and fluidized mono-

sized solid particles in the shape of finite 

cylinders. To simplify the differential mass 

balance-based model presented here, the major 

assumptions are [44, 48]:  

 The axial and radial dispersions are 

neglected. 

 The interstitial fluid velocity is constant. 

 The system is isothermal and isobaric. 

 There is no reaction. 

 The physical properties of the solvent are 

constant. 

 

 

 



Seif et al. / Iranian Journal of Chemical Engineering, Vol. 21, No. 2, 57-75, (2024) 

 

60  

 

2.2. Fixed and expanded-bed modeling 

By applying the mass conservation law to the 

extracting solute in an incremental volume 

(A.dz) of the extraction column at any location 

of z, as shown in Fig. 1, the governing partial 

differential equation, explaining the overall 

solute balance in both phases, can be derived 

as follows [48]: 

𝜀
𝜕𝐶

𝜕𝑡
+ 𝑢 

𝜕𝐶

𝜕𝑧
+ (1 − 𝜀)𝜌𝑃

𝜕𝑞̅

𝜕𝑡
= 0            

(1) 

 

 
Figure 1. Differential element of a continuous 

fixed and expanded-bed.  

 

In which, C, 𝑞̅, u, 𝜌𝑃, and ε are the 

concentration of the solute in the fluid phase 

(g/cm3), the mean concentration of the solute 

in the solid particle (g/g), the constant 

interstitial solvent velocity (cm/s), the density 

of the solid particle (g/cm3), and the bed 

porosity respectively. Also, t and z refer to the 

time (s) and the distance from the bottom of the 

bed (cm) respectively. The various terms in 

Eq. (1) account for the accumulation of the 

solute in the fluid phase, convective transfer of 

the solute, and accumulation in the solid 

particles. Equation (1) is subjected to the 

following initial and boundary conditions: 

𝐶(𝑧, 𝑡 = 0) = 0   (2) 

𝑞̅(𝑧, 𝑡 = 0) = 𝑞0   (3) 

𝐶(𝑧 = 0, 𝑡) = 0    (4) 
𝜕𝐶(𝑧=𝐻,𝑡)

𝜕𝑧
= 0  (5) 

In which, q0 and H are the initial concentration 

of the solute inside solid particles and the 

height of the column respectively. In order to 

simplify the model, the extractor is divided 

into N hypothetical stages with the same 

volumes. It is assumed that in each stage, solid 

and fluid phases are uniform and thus the fluid 

phase with the flow pattern of an ideal plug 

passes through a series of well-mixed 

extractors [48]. According to this approach, 

the partial differential equation of (1) is 

reduced to an ordinary differential equation as 

follows: 

 

 

𝜀
𝑉

𝑁

𝑑𝐶𝑛

𝑑𝑡
+ 𝑄(𝐶𝑛 − 𝐶𝑛−1) + [(1 − 𝜀)

𝑉

𝑁
] 𝜌𝑃

𝑑𝑞̅𝑛

𝑑𝑡
= 0  (6) 

 

In which, V, Q and N are the volume of the 

extractor (cm3), the volumetric flow rate 

(cm3/s) and the number of stages respectively. 

Also, Cn-1 and Cn values are respectively the 

concentration of the solute in the fluid phase at 

the inlet and outlet of the nth stage (g/cm3). 

Furthermore, a linear driving force 

approximation is used to describe the rate of 

the mass transfer from the solid particle to the 

fluid phase as follows [48]: 

 

(1 − 𝜀)𝑉
𝑑𝑞̅𝑛

𝑑𝑡
= −𝐴𝑠𝐾(𝑞̅ − 𝑞̅∗)   (7) 

Here, 𝑞̅∗, As, and K are the mean concentration 

of the solute at the solid-liquid interface (g/g), 

the specific area (cm2/cm3), and the external 

mass transfer coefficient (cm/s) respectively. 

The term 
𝐴𝑃𝐾

(1−𝜀)𝑉
 is a constant value and 

dimensionally equal to 1/time. The internal 

time of diffusion, ti, is defined as follows [48]: 
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𝑡𝑖 =
(1−𝜀)𝑉

𝐴𝑃𝐾
 

   

   

  (8) 

By substituting Eq. (8) into Eq. (7), the 

following expression is achieved:  

 
𝑑𝑞̅𝑛

𝑑𝑡
= −

1

𝑡𝑖
(𝑞̅𝑛 − 𝑞̅𝑛

∗ )    (9) 

Villermaux confirmed that for various solid 

particle geometries, there was a relationship 

between the internal time of diffusion and the 

effective internal diffusion coefficient of Deff 

as follows [63]: 

𝑡𝑖 = 𝑓
𝑙2

𝐷𝑒𝑓𝑓
  (10) 

 

In which, f is a factor depending on the solid 

particle geometry. For cylindrical geometry, 

factor f is equal to 0.5. Also, l is a characteristic 

dimension (cm) and is defined as: 

 

  𝑙 =
𝑉𝑃

𝐴𝑃
  (11) 

 

In which, VP and AP are the particle volume 

(cm3) and the particle surface area (cm2) 

respectively. The equilibrium concentration in 

Eq. (9) and the effective diffusion coefficient 

in Eq. (10) are two key parameters of the 

model and, in the current work, are estimated 

through the batch experiments in different 

temperatures and concentrations of the 

solution. Ordinary differential equations 

(ODE) (6) and (9) with their initial conditions 

of Eqs. of (2) and (3) were numerically solved 

by the MATLAB (R2017a) Ode45 function, 

which is based on the 4th order Runge-Kutta 

method. Here, the number of stages is the only 

fitting parameter. The simulation of the 

process is performed with a different number 

of stages until the distance between the 

experimental data and the modeling results is 

minimized and thus a good fit could be 

provided. 

 

2.3. Fluidized-bed modeling 

Solid-liquid extraction in a the fluidized-bed 

system is modeled by applying mass transfer 

over a control volume of the column as shown 

in Fig. 2 [62]. It is assumed that the solid 

particles are well mixed and distributed 

uniformly in the fluidized-bed so that all the 

particles have the same state at any time.   

 
Figure 2. Control volume of a continuous 

fluidized-bed. 

 

By applying mass balance to a differential 

volume A.dz, at any location z from the bottom 

of the bed, the differential equation of mass 

balance between the liquid and particles could 

be written as follows: 

 

𝑅𝑒𝑥𝑡𝐴𝑃
𝑁𝑃

𝐻
𝑑𝑧 = 𝑄𝑑𝐶  (12) 

In which, Rext, AP, NP, H, and Q refer to the 

extraction rate (cm/s), particle surface area 

(cm2), number of solid particles, bed height 

(cm) and volumetric flow rate (cm3/s). 

Integration of Eq. (12), gives the total mass 

balance between the particles and the liquid 

from the inlet to the outlet as: 

𝑅̅𝑒𝑥𝑡𝐴𝑃𝑁𝑃 = 𝑄(𝐶𝑜𝑢𝑡 − 𝐶𝑖𝑛)   (13) 
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and thus, the effluent concentration is obtained 

as follows: 

 

𝐶𝑜𝑢𝑡 =
𝑅̅𝑒𝑥𝑡𝐴𝑃𝑁𝑃

𝑄
+ 𝐶𝑖𝑛  (14) 

In Eqs. (13) and (14), 𝑅̅𝑒𝑥𝑡 is the mean 

extraction rate from the particles in the bed 

(g/m2.s):  

 

𝑅̅𝑒𝑥𝑡 = −
𝜌𝑃𝑉𝑃

𝐴𝑃

𝑑𝑞̅

𝑑𝑡
  (15) 

In which, ρp and VP are respectively the density 

of solid particles (g/cm3) and the particle 

volume (cm3). The number of solid particles in 

the unit cross-sectional area can be estimated 

as follows [64]: 

 

𝑁𝑃 =
𝑚

𝑉𝑃𝜌𝑃
  (16) 

In which, m, Vp and ρP refer to the mass of 

solid particles (g), the volume of the 

cylindrical particle (cm3) and the density of the 

particle (g/cm3). Since the concentration of the 

fluid phase is varying in the column, the mean 

concentration in the bed could be given by:  

 

𝐶̅ =
𝐶𝑖𝑛+𝐶𝑜𝑢𝑡

2
   (17) 

Using Eq. (14), the following equation is 

obtained: 

 

𝐶̅ =
𝑅̅𝑒𝑥𝑡𝐴𝑃𝑁𝑃

2𝑄
+ 𝐶𝑖𝑛  (18) 

The analytical solution of the Fick’s second 

law of diffusion for a finite cylinder with a 

radius of R and length of L is taken into 

account to describe the variations of 𝑞̅ with 

time, as follows [54, 65]: 

 

𝑞̅𝑡−𝑞𝑒𝑞

𝑞0−𝑞𝑒𝑞
= ∑ (

4

𝜆𝑚
2 ) 𝑒𝑥𝑝 (

𝜆𝑚
2 𝐷𝑒𝑓𝑓𝑡

𝑅2 )∞
𝑚=1 ∑ (

8

𝜋2)
1

(2𝑛+1)2 exp (−
𝜋2(2𝑛+1)2𝐷𝑒𝑓𝑓𝑡

4𝐿
)∞

𝑛=0                                  (19) 

 

In which, 𝑞̅𝑡, qeq and q0 are the mean 

concentration of the solute in the solid particle 

at time t, equilibrium concentration and initial 

concentration (g/g) respectively. In Eq. (19), 

λm refers to the root of the Bessel function of 

the first kind of zero order. The term 
𝑑𝑞̅

𝑑𝑡
 in Eq. 

(15), can be estimated by applying the forward 

finite difference approximation, as follows: 

 
𝑑𝑞̅

𝑑𝑡
=

𝑞̅𝑡+𝛥𝑡−𝑞̅𝑡

𝛥𝑡
   (20) 

After finding the mean rate of extraction, 𝑅̅𝑒𝑥𝑡, 

from Eq. (15), the concentration of the liquid 

phase at the exit of the column could be 

predicted using Eq. (18). This procedure is 

repeated until the desired processing time. 

 

2.4. Parameter estimation 

2.4.1. Effective diffusion coefficient 

By considering that the unsteady state Fickian 

diffusion equation governs the solid-liquid 

extraction in the batch process, the effective 

diffusion coefficient can be estimated by the 

analytical solution of Fick’s second law [11, 

54, 55, 65]. For a long time, an analytical 

solution of Eq. (19), which is in terms of 

infinite series, can be reduced to the first term 

as follows [54]: 

 
𝑞̅𝑡−𝑞𝑒𝑞

𝑞0−𝑞𝑒𝑞
=

32

𝜋2𝜆1
2 exp (−𝐷𝑒𝑓𝑓 (

𝜆1
2

𝑅
+

𝜋2

4𝐿
) 𝑡) ,  

 

In which, λ1=2.4048  (21) 

The logarithmic form of Eq. (21) is: 

 

ln (
𝑞̅𝑡−𝑞𝑒𝑞

𝑞0−𝑞𝑒𝑞
) = ln (

32

𝜋2𝜆1
2) − 𝐷𝑒𝑓𝑓 (

𝜆1
2

𝑅
+

𝜋2

4𝐿
) 𝑡 

 (22) 

The effective diffusion coefficient is estimated 

by plotting the experimental values of 

ln (
𝑞̅𝑡−𝑞𝑒𝑞

𝑞0−𝑞𝑒𝑞
) versus time, according to Eq. (22).  
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2.4.2. Bed porosity 

The bed porosity (ε) in a fixed-bed is 

calculated by the following expression [43]: 

 

𝜀 = 1 −
𝜌𝑏

𝜌𝑃
  (23) 

In which, 𝜌𝑏 and 𝜌𝑠 are the bulk and solid 

densities respectively. The bulk density is 

calculated by dividing the mass of the feed by 

the volume of the bed. The bed porosity of the 

expanded and fluidized-bed can be calculated 

from the following expression [66]: 

 

𝜀𝑓 = 1 − [(1 − 𝜀0)
𝐻0

𝐻
]  (24) 

In which, 𝜀0 is the settled bed voidage 

calculated in the former part, and H0 and H are 

respectively the heights of the  fixed bed and 

the expanded bed (cm). 

 

2.4.3. Minimum fluidization velocity 

There are different methods to estimate the 

minimum fluidization velocity (Umf) of 

particles [67-69]. In this study, a correlation 

proposed by Levenspiel is used as follows 

[68]: 

 

𝑈𝑚𝑓 =
(𝑑𝑝𝜑)

2
(𝜌𝑃−𝜌𝑤)𝑔

150𝜇

𝜀𝑚𝑓
3

1−𝜀𝑚𝑓
 , 𝑅𝑒𝑝,𝑚𝑓 < 20 

 (25) 

In which, the dimensionless Reynolds number, 

Rep.mf , in the fluidized bed is defined as [68]: 

 

𝑅𝑒𝑝,𝑚𝑓 =
𝑑𝑃𝜌𝑤𝑢𝑚𝑓

𝜇
  (26) 

In Eq. (26), umf, dP, 𝜌𝑤, 𝜌𝑃, μ, 𝜀𝑚𝑓, 𝜑, and g 

are respectively the minimum fluidization 

velocity (cm/s), the solid particle diameter 

(cm), the water density (g/cm3), the solid 

particle density (g/cm3), the fluid viscosity 

(g/cm.s), the porosity, the particle shape factor, 

and gravitational acceleration (cm/s2). In order 

to calculate the minimum fluidization flow 

rate, the following equation is used: 

 

𝑄𝑚 = 𝑈𝑚𝑓 × 𝐴  (27) 

In Eq. (27), Qm is the minimum fluidization 

flow rate (cm3/s) and A is the column cross 

section area (m2).  

 

3. Materials and methods 

3.1. Sample preparation 

Polyamide 6 (PA6) pellets were used as the 

porous solid particles (density 1.14 g/cm3) due 

to their high strength, good fatigue resistance, 

good water adsorption, and chemical stability 

[70]. The shape of all pellets was cylindrical 

with a diameter of 0.70 mm and a height of 

3.00 mm. The salt solution was prepared by 

mixing potassium bicarbonate of the 

commercial grade with the proper amount of 

distilled water. The solid to liquid ratio was 1:3 

(w/v). Next, in a container, 500 g solid pellets 

were added to 1.5-liter of the Potassium 

bicarbonate solution. After that, the pellets and 

solution were agitated with a magnetic stirrer 

for 24 hours at ambient temperature. Finally, 

the pellets were removed and dried with the 

absorbent tissue paper and stored in a dried 

container for future use.  

 

3.2. Batch studies 

Solid-liquid batch experiments were 

performed in an Erlenmeyer flask (250 ml) 

inserted into a temperature and agitation 

controlled shaker incubator (Model: Heidolph 

UNIMAX × 1010, Germany). Here, the 

operating conditions were the concentration of 

the potassium bicarbonate solution (0.1, 0.2, 

and 0.3 g/cm3) and the temperature (30 and 40 

⁰ C). In order to propose an empirical 

correlation of the equilibrium concentration, 

three Erlenmeyer flasks containing different 

salt solutions between 0.1 and 0.3 g/cm3 were 

kept in the incubator and the temperature was 

set at the desired value of 30 ⁰ C (Fig. 3). 
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Figure 3. Picture of the experimental apparatus in batch studies. 

 

Once the temperature reached the desired 

value, 1 g of the prepared PA6 pellets was put 

into each of the Erlenmeyer flasks. In each 

flask, the solid- liquid ratio was 1:150 (w/v). 

Then, the agitation speed was set at 160 shakes 

per minute. Next, solid samples were 

withdrawn after 24 h. Samples were spread on 

a tissue paper, to remove excess solution from 

their outer surface, and then weighted. The 

following equation was used to evaluate the 

amount of the salt in the solid phase: 

 

𝑞 =
𝑊0−𝑊𝑡

𝑊0
  (28) 

In which, Wt and W0 refer to the weight of the 

sample after time t (g), and the initial weight of 

the sample (g) respectively. To investigate the 

influence of the operating temperature, similar 

experiments were conducted at 40 ⁰ C. The 

values of qeq were plotted against 

concentrations and temperatures and a 

correlation was proposed using the data and 

curve fitting toolbox of MATLAB software. 

Another set of batch experiments was carried 

out to correlate a relationship for the effective 

diffusion coefficient. Similar to the previous 

experiments, the data of q (g/g) were estimated 

but in the time interval of 0 to 60 min. Here, 

PA6 samples were taken out from the salt 

solutions every 10 minute and dried and 

weighted to measure the value of qt, which is 

the content of solute in the solid particle per 

initial mass of the solid particle at time t, using 

Eq. (28). Once the value of qt was calculated, 

the effective diffusivity was measured from the 

slope of the plot of ln (
𝑞̅𝑡−𝑞𝑒𝑞

𝑞0−𝑞𝑒𝑞
) against t. Note 

that the equilibrium value, previously 

measured, was reused in Eq. (22) for term qeq 

at different temperatures and concentrations of 

the solution. An effective diffusion correlation 

was developed by a fitting process similar to 

the previous procedure.  

Additionally, the initial concentration of q0 

(g/g) in the modeling process should be 

identified. In current work, this value was 

measured in a batch experiment. About 1 g of 

the solid material was placed in an Erlenmeyer 

flask filled with the solvent of choice (here 

distilled water) and allowed to soak for a 

predetermined period of time, in this case 72 h 

at 30 ⁰ C. After the incubation period, the 

extract was collected and analyzed to measure 

the initial concentration of the extractable 

compound. The value was 0.05 g/g. 
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3.3. Studies on the continuous column  

Studies on the continuous column were 

performed using a laboratory-scale glass 

column with an internal diameter of 2.6 cm and 

a length of 50 cm. At the bottom of the column, 

a fabric mesh was used to support solid 

particles and ensure the liquid distribution. A 

polyethylene container (220 L) and a Pentax 

centrifugal pump (model: Pm45) were used to 

maintain the liquid (here distilled water as the 

solvent) and to charge the solvent throughout 

continuous experiments. In order to control the 

fluid flow rate, two valves at the entrance and 

exit of the pump were installed. In addition, 

two thermocouples were used to heat the 

solvent and maintain the operating temperature 

at the desired level. The experimental setup is 

photographically shown in Fig. 4. 

 

 
Figure 4. Photograph of the experimental 

apparatus in studies on the continuous column. 

 

The experiments were carried out for two 

operating temperatures of 30 and 40 ⁰ C and 

three solvent flow rates of 1.42, 3.16 and 7.33 

cm3/s, while the other parameters such as the 

feed mass and the particle size were kept 

constant. Here, the flow rate of bed solid 

particles were fixed at the 1.42 cm3/s, because 

this value was smaller than the calculated 

minimum fluidization flow rate. Two other 

flow rates, which were more than the minimum 

fluidization flow rate, were for the expanded-

bed (3.16 cm3/s) and fluidized-bed (7.33 

cm3/s) analysis. The column was packed with 

5 g of PA6 (5 cm settling bed height). When 

the solvent reached the desired temperature, it 

passed through the column at an adjusted flow 

rate from the bottom to the top. Solution 

samples were collected from the top of the 

column at regular time intervals to analyze the 

concentration of the salt in the outlet solutions 

also known as the effluent concentration. The 

effluent concentration was determined using 

an electrical conductivity meter. The electrical 

conductivity of sample solutions can be 

immediately measured and converted to a 

concentration using a calibration curve. All 

experiments were conducted twice, and the 

average results were reported. 

 

4. Results and discussions 

4.1. Batch analysis 

Equilibrium concentrations were measured at 

infinite time by varying the operating 

parameters of the concentration of the solution 

and temperature as shown in Fig. 5. 
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Figure 5. Three-dimensional plot of equilibrium concentrations at different concentrations of the solution 

and temperatures. 

 

All the corresponding equilibrium data were 

fitted using the curve fitting toolbox in the 

MATLAB software (R2017a), as the 

following empirical correlation: 

 

𝑞𝑒𝑞 = 73.42𝑇−0.9132𝐶0.8722 , R2=0.9430 (29) 

In which, qeq is the equilibrium concentration 

(g/g), T is the temperature (⁰ C), and C is the 

concentration of the aqueous solution (g/cm3). 

The proposed correlation was able to predict 

the equilibrium concentration satisfactorily 

due to its very high correlation coefficient of 

94.3%. As it can be seen in Fig. 5, during the 

batch extraction process, the equilibrium 

concentration of the solute in the solid phase 

increased by increasing the concentration of 

the solution and decreasing the temperature.  

Experimental solid-liquid batch extraction 

data was analyzed with Eq. (22) to estimate the 

effective diffusion coefficient from the slope 

of  ln (
𝑞̅𝑡−𝑞𝑒𝑞

𝑞0−𝑞𝑒𝑞
) against time. The dependency 

of the effective diffusivity on the paameters of 

the concentrations of the solution and 

temperatures is shown in Fig. 6. 

 

 
Figure 6. Three-dimensional plot of effective diffusion coefficients at different concentrations of the 

solution and temperatures. 

 

Fig. 6 shows that at the constant concentration 

of the solution, by varying operating 

temperatures from low to high, the effective 

diffusion coefficients were larger, and a great 

increase was observed by increasing 

temperatures from 30 to 40 ⁰ C. Similar to the 
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previous calculation, the measured effective 

diffusivity points were fitted by curve fitting in 

MATLAB software (R2017a), and an 

empirical correlation was built as follows: 

 

𝐷𝑒𝑓𝑓 = −0.00317 + 0.0001768𝑇 −

0.00107𝐶 − 1.747 × 10−6 × 𝑇2 − 4.315 ×

10−5 × 𝑇𝐶 + 0.004646𝐶2, R2=0.9920                                                                                                                                                        

(30) 

 

In which, Deff, T, and C are effective diffusion 

coefficient (cm2/s), temperature (⁰ C) and 

solution concentration (g/cm3) respectively. 

The high value of R2 (99.2%) indicates that the 

proposed empirical correlation agreed well 

with the experimental data.  

 

4.2. Continuous column analysis 

In velocities above the minimum fluidization 

velocity, the solid particles behave as a fluid 

phase. Therefore, it is essential to estimate the 

value of the minimum fluidization velocity. 

The minimum fluidization parameters from 

Eqs. (25-27) were calculated and summarized 

in Table 1.  

 

Table 1.  

Minimum fluidization velocity and flow rate and their related parameters  

𝜌𝑤 

(g/cm3) 

𝜇 (g/cm.s) 𝜌𝑠 

(g/cm3) 

𝑑𝑃 

(cm) 

𝜀 𝜑 [28] A 

(cm2) 

𝑈𝑚𝑓 

(cm/s) 

𝑄𝑚 

(cm3/s) 

𝑅𝑒𝑝,𝑚𝑓 

0.995 0.797×10-2 1.14 0.07 0.7 0.72 5.3 0.34 1.80 2.97 

 

In order to evaluate the effect of variables on 

the response of the effluent concentration, four 

experiments were conducted and presented in 

Table 2. 

 

      Table 2.  

      Experimental conditions and hydrodynamic properties employed in studying the continuous column  

Solid loading (5 g) Run No. T (⁰ C) Q (cm3/s) U (cm/s) h* (cm) ε 

Fixed-bed  1 30 1.42 0.26 5 0.7 

2 40 1.42 0.26 5 0.7 

Expanded-bed 3 30 3.16 0.59 11 0.86 

Fluidized-bed 4 30 7.33 1.38 18 0.91 

*: bed height  

 

From Table 2, it is obvious that the flow 

velocity for the fixed-bed is 0.26 cm/s. This 

value is lower than the critical value of the 

minimum fluidization velocity (0.34 cm/s). 

The bed is expanded from 5 cm to 11 cm after 

the velocity is slightly increased to higher than 

the critical value. In an expanded-bed, solid 

particles exhibit a slight fluidization, resulting 

in an elevation of the void fraction within the 

bed. So, in an expanded-bed, the porosity of 

the bed increases, but no mixing will occur 

between solid particles. In the fluidized-bed 

mode, the highest flow velocity is obtained at 

1.38 cm/s, and thus the solid particles can be 

homogeneously fluidized due to the velocity 

being much higher than Umf. Moreover, 

increasing velocities generate higher bed 

heights and bed porosities.  

Fig. 7 shows the comparison between the 

predicted effluent concentration by the 

proposed model and the experimental data in 

the fixed-bed extractor at two temperatures (30 

⁰ C and 40 ⁰ C). It is clear that the effluent 

concentration increases highly at the beginning 
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of the process and reaches a maximum because 

of the higher driving force for mass transfer in 

the early stages of the process. After the peak, 

the concentration decreases, and finally, the 

concentration reaches its lowest value because 

of the depletion of the primary source of solid 

particles from the desired solute. From Fig. 7, 

it is also obvious that at a higher temperature 

of 40 ⁰ C more solute is extracted. The 

separation of elements during the extraction 

process is effectively carried out at a higher 

temperature, and thus an increase in the 

temperature accelerates the rate of the 

extraction process. At an elevated temperature, 

the solubility of compounds is enhanced, the 

connections between the solid matrix and the 

solute are easily broken and thus a higher 

diffusion rate is expected to be achieved. 

However, for the extraction of thermosensible 

substances, a high operating temperature is not 

allowed. Thus, it is crucial to optimize the 

operating temperature when the extraction 

from biomaterials and plants is chosen as 

targets [15, 20]. 

 

 
Figure 7. Comparison of experimental data and modeling results of the effluent concentrations for the 

fixed-bed operation at different temperatures and the constant flow rate of 1.42 cm3/s.  

 

Fig. 8 shows the comparison between the 

predicted effluent concentration by the 

proposed model and the experimental data in 

the fixed, expanded, and fluidized-bed 

extractors. The figure shows variations in the 

effluent concentration obtained over time for 

three continuous processes with different 

volumetric flow rates of 1.42 (fixed-bed), 3.16 

(expanded-bed) and 7.33 (fluidized-bed) 

cm3/s. It can be seen that in the fixed state, the 

curve is broader and unsymmetrical compared 

to the expanded and fluidized results, and the 

extraction rate is also much lower. A sharper 

curve is observed when the flow rate is 

increased from 1.42 to 3.16 cm3/s and the rate 

of extraction is also elevated. At a further 

increased flow rate (7.33 cm3/s), when the 

solid particles are perfectly fluidized in the 

column, the curve becomes much sharper and 

the highest extraction rate is observed. At this 

flow rate, it is clear that in 60 minutes, large 

amounts of solutes are extracted, and the 

effluent concentration indicates the lowest 

value of the extractable compound. It is further 

clear that as the flow rate increases from 1.42 

to 7.33 cm3/s, the steepness of the effluent 

concentration curves also increases. 

Consequently, the performance of the 

continuous extraction process depends 

considerably on the temperature and flow rate.  
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Figure 8. Comparison of experimental data and modeling results of the effluent concentrations for fixed-

bed, expanded bed and fluidized bed operations at the constant temperature of 30 ⁰ C. 

  

It should be noted that, for simulating fixed 

and expanded beds, the number of stages, or N, 

was adjusted according to the comparison 

between experimental data and modeling 

predictions. The best-fit values of the number 

of the stages for the current experiments were 

7 for Run Nos. 1 and 2 (fixed-bed at 30 ⁰ C and 

40 ⁰ C), and 5 for Run No. 3 (expanded-bed). 

The deviation between experimental data and 

modeling prediction results was quantified by 

the statistical parameters of the absolute 

average deviation percent (AAD%), root mean 

square error (RMSE), and determination of 

coefficient (R2) defined as follows: 

 

𝐴𝐴𝐷% =
1

𝑁𝑑
∑

|𝐶𝑒𝑥𝑝−𝐶𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑|

𝐶𝑒𝑥𝑝
× 100  (31) 

𝑅𝑀𝑆𝐸 = √
1

𝑁𝑑
∑(𝐶𝑒𝑥𝑝 − 𝐶𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑)

2
  (32) 

𝑅2 =
∑(𝐶𝑒𝑥𝑝−𝐶̅𝑒𝑥𝑝)

2
−∑(𝐶𝑒𝑥𝑝−𝐶𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑)

2

∑(𝐶𝑒𝑥𝑝−𝐶̅𝑒𝑥𝑝)
2   (33) 

In which, Nd is the number of the experimental 

data. The statistical results are summarized in 

Table 3.  

               

Table 3. Average absolute deviation percentage (AAD%), root mean square error (RMSE), 

and determination of coefficient (R2) for investigated continuous bed systems 

Run No. Continuous bed AAD% RMSE R2 

1 Fixed-bed 5.59 0.00049 0.99 

2 Fixed-bed 6.27 0.00054 0.99 

3 Expanded-bed 8.02 0.00034 0.97 

4 Fluidized-bed 9.95 0.00021 0.96 

 

According to Table 3, the best model 

prediction is for Run No. 1 as well as Run No. 

2 with the minimum AADs% of 5.59 and 6.27 

respectively. In addition, the proposed 

differential model for Run No. 3, which is 

performed under the expanded condition, 

indicates acceptable agreement with 

experimental data as the value of AAD% is 

rather low, 8.02%. As it is expected, the 

mathematical model, originally developed for 

a fixed-bed, can be successfully used for an 

expanded-bed because of the similarity of the 
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flow pattern and mass transfer of these two 

systems. The RMSE values obtained for these 

systems are also low that indicate the high 

performance of the proposed differential mass 

balance-based model. Although the value of 

AAD% for the fluidized-bed simulation is 

rather high (9.95), the proposed mathematical 

model is suitable for this operating condition 

because of its simplicity and reliability. The 

relative mean square error for the fluidized-bed 

is 0.00021 that indicates the favorable 

agreement with the experimental data. 

Moreover, the high values of R2 (higher than 

0.9) indicate a strong relationship between the 

measured and predicted data.  

To determine which step controls the mass 

transfer phenomena in a fixed-bed extraction 

process, the mathematical modeling can be 

used to analyze the rate-limiting step. Based on 

the assumptions of the mathematical 

modeling, by comparing the modeling results 

with experimental data and analyzing any 

discrepancies, the only mass transfer 

parameter was the effective diffusion 

coefficient, and the external mass transfer 

coefficient was ignored. Therefore, in this 

specific system, the internal diffusion was the 

dominant controlling step.  

 

5. Conclusion 

The aim in this work was to develope a simple 

and reliable mathematical model for predicting 

the kinetics of solid-liquid extraction processes 

in fixed, expanded, and fluidized-bed columns. 

In fixed and expanded operations, a 

differential mass balance-based model was 

developed, assuming uniform solid and liquid 

phases, the ideal plug flow, and a linear driving 

force approximation. The column was divided 

into multiple well-mixed stages, each 

exhibiting ideal plug flow behavior. In 

contrast, we analyzed the fluidized-bed 

extraction using a mathematical model that 

incorporated mass conservation within a 

control volume of the fluidized-bed column. 

Fick’s second law was also considered to 

explain solute diffusion within the solid 

matrix. Continuous model parameters, such as 

the effective diffusion coefficient and 

equilibrium concentration, were determined 

through batch extraction experiments. To 

validate our models, we conducted 

experimental continuous extractions, 

extracting potassium bicarbonate from PA6 

using distilled water. The root mean square 

error, coefficient of determination and 

absolute average deviation were used together 

to compare the performance of the 

mathematical models. It was found that the 

models could be used as reliable methods for 

predicting continuous extraction processes 

with low values of AAD% and RMSE and high 

values of R2. Furthermore, the model 

parameters derived through batch experiments 

were successfully employed in continuous 

modeling calculations. Results showed that the 

performance of the continuous extraction 

process depended considerably on the 

temperature and flow rate.  
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